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Abstract. In this work, we propose a new high-order numerical method for the two-dimensional nonlinear
shallow-water (NSW) equations on unstructured meshes. The approach is based on the subcell monolithic
DG/FV method, recently introduced in [75], in which higher-order Discontinuous Galerkin (DG) schemes are
blended, at the subcell scale, with lowest-order robust Finite Volume (FV) methods. This is made possible
through the reformulation of high-order DG schemes as a FV-like schemes defined on a subgrid, through the
introduction of some particular fluxes referred to as reconstructed fluxes. The strategy then relies on the
introduction of blended numerical fluxes, defined as convex combinations of reconstructed high-order DG fluxes
and robust first-order FV ones. The blending coefficients are locally computed at each subcell interface in order
to enforce unavoidable nonlinear stability properties. This allows the scheme to remain stable in the presence
of strong gradients, shocks, and wet-dry fronts, while still keeping high-order accuracy in smooth regions. A
particular attention is paid to the discrete formulation associated with the bathymetry source term. The scheme
is designed to be well-balanced for motionless steady-states, thanks to some fine tuning of local hydrostatic-like
reconstructions, respectively applied at two different scales and on two different kinds of approximations: i) at
the level of DG fluxes between elements, focusing on suitable reconstructions of high-order polynomial traces,
ii) at the level of FV fluxes between subcells, focusing on the reconstruction of subcell piecewise-constant
values. This innovative two-levels reconstruction ensures that motionless steady states are not only exactly
preserved on fully unstructured meshes, but also down to the subcell scale. This new numerical method relies
on a fully a priori treatment, and does not require any a posteriori re-computing and adapting steps, while
remaining conservative by construction. Several numerical experiments illustrate its ability to accurately capture
multidimensional wet-dry interfaces, to control spurious oscillations near classical discontinuities, and accurately
resolve localized flow-features inside relatively large mesh elements.
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Introduction
The nonlinear shallow-water (NSW) equations remain one of the most prominent mathematical models for
describing flows in hydraulic, geophysical or coastal engineering. Compared to more complex weakly dispersive
models such as Boussinesq-type equations, the hyperbolic nature of the NSW system allows accurate descriptions
of several important features like trans-critical evolution or steep-fronted flows, includinf, for instance, dam-
breaks, flood waves, and bore propagation in nearshore zones. Consequently, this model is largely used in
numerical models to predict coastal inundations and investigate complex wave run-up and run-down dynamics
over coastal structures, see for instance [28,36,47].

To approximate the weak solutions of the NSW equations, a wide variety of numerical methods have been
developed since the 1960s. These range from Finite-Volume (FV) [2, 3, 7, 27, 29, 77] and Finite-Element (FE)
methods [6, 59, 63, 72], to spectral or pseudo-spectral methods [40, 53, 61]. Among them, Godunov-type FV
schemes are particularly well-regarded, as their robust shock-capturing capabilities and minimal computational
cost are essential for maintaining the physical integrity of sharp gradients [4, 8, 11, 15, 31, 41, 51, 55, 60, 67, 71].
However, standard FV methods are fundamentally limited by low-order accuracy, unless they rely on heavily
extended, and therefore computationally expensive, reconstruction stencils.

Discontinuous Galerkin (DG) methods have therefore gained significant attraction for approximating hyperbolic
Partial Differential Equations (PDEs). They successfully bridge the geometric flexibility of FE methods with the
local conservation properties of FV schemes [19,48,66]. DG methods allow for arbitrary spatial order of accuracy
on compact stencils, easily support highly unstructured geometries, and are naturally suited for h/p adaptation
and concurrent programming. Yet, higher-order DG methods for nonlinear hyperbolic problems are notoriously
prone to Runge phenomenon and nonlinear stability issues, generally producing spurious oscillations in the
presence of discontinuities, steep gradients or local physical constraints. In the context of the NSW equations,
it may obviously compromise the computation of positive water-height near wet-dry fronts.

To address these stability issues without loosing the benefits of high-order accuracy, numerous limiting or
corrections strategies have been explored. These generally fall into a priori and a posteriori paradigms. A
priori approaches preemptively apply corrections based on troubled-cell indicators [64] using artificial viscosity
[34,42,62,73], moment limiters [10,17,22,43,50], (H)WENO reconstructions [5,65,81,82], or subcell FV shock-
capturing techniques [14, 18, 70]. Alternatively, a posteriori methods compute a candidate solution first and
locally recompute it with a robust low-order scheme if admissibility criteria (e.g., positivity) are violated [16,
20, 21, 23, 30, 39, 54]. Unfortunately, both correction strategies typically modify the polynomial globally within
the troubled cells, which inevitably degrades the scheme’s resolution on coarse multidimensional meshes.

Recently, local subcell conservative methods have emerged, focusing on the accuracy preservation at smaller
scales [74, 76], that is to say within the resolution of suitable subgrids. Applied to the NSW equations [37, 38],
such approaches may locally modify the numerical solution, at the subcell level, through specific flux corrections.
Expanding on this idea to avoid a posteriori computations, a novel class of a priori local subcell monolithic
DG/FV schemes is recently introduced in [75] for homogeneous hyperbolic systems. In parallel, other monolithic
strategies have been developed to blend high-order schemes with low-order convex methods. This includes
continuous Galerkin discretizations [46,58] and DG spectral-element methods (DGSEM) [52,68,69,78]. However,
recent approaches relying on Summation-By-Parts (SBP) and flux collocation are, at least for the time-being,
restricted to 1D or extended cartesian tensor-product grids, even though some extensions to unstructured
triangular meshes have recently been proposed [78].

In this paper, in the continuity of [12] which focused on the 1D NSW model, we introduce here a two-dimensional
monolithic DG/FV subcell convex property-preserving scheme for the 2D NSW equations on unstructured grids.
The idea is to reinterpret higher-order DG formulations as FV-like schemes defined on a sub-partition of each
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element, through the introduction of particular fluxes referred to as reconstructed fluxes, while the proposed
global approximation framework naturally allows for very general subcell shapes. From this, the core of our
strategy relies on the construction and fine tuning of blended numerical fluxes, as convex combinations of
reconstructed high-order DG interface fluxes and robust first-order FV fluxes. The corresponding blending
coefficients are space and time adaptively computed, both at the sub-grid scale and sub-time stages, in order
to enforce key admissibility constraints such as strict water-height positivity while expecting to maintain the
highest possible level of space and time accuracy.

Another key feature of the proposed method is the treatment of source terms in hyperbolic systems of conserva-
tion laws, which must be fully compatible with the new subcell monolithic a priori discretization of numerical
fluxes. For the NSW equations, the spatially varying bathymetry source term requires exactly balancing flux
gradients and topography variations at the discrete level. While numerous low- and high-order methods have
been developed to address this challenge within FV, FE, or DG frameworks (see, e.g., [24,56,80]), we propose a
novel 2D two-level hydrostatic reconstruction strategy. Inspired by the well-balanced well-known formulations
of [51] and extending the 1D ideas from [12], our approach applies flow-state reconstructions to both local sub-
mean values at the sub-partition level and local high-order polynomial traces at the global mesh level, combined
with a dedicated subcell source term discretization. This new 2D two-scale strategy consistently preserves the
required balance within the monolithic blending procedure, exactly maintaining motionless steady states down
to the subcell level.

Extensive numerical evaluations confirm that our discrete framework reliably replicates expected flow features,
including wet-dry fronts. Notably, the model captures fine-scale local behaviors even within coarse mesh ele-
ments, without compromising high-order accuracy in smooth zones.

1. Continuous and discrete settings

1.1. The 2D nonlinear shallow-water equations
Given a smooth parameterization b of the bathymetry variation, denoting the free-surface elevation by η, the
water discharge by q = (qx, qy)⊤ and u = (ux, uy)⊤ as the depth-averaged water velocity, the 2D pre-balanced
NSW are commonly written as follows{

∂tη + ∇x · q = 0,
∂tq + ∇x ·

(
u ⊗ q + gη

2 (η − 2b)I2
)

= Sq[τ ](v),

or in a compact form

∂tv + ∇x · F(v, b) = S[τ ](v), (1)

supplemented with some initial-data v(·, 0) := v0 and where:

− R2 × R+ ∋ (x, t) 7→ v(x, t) := (η, qx, qy)(x, t) ∈ H+
b gathers the chosen flow description variables, with

H+
b = {(η, qx, qy) ∈ R3 | H := η − b ≥ 0},

− H+
b × R ∋ (v, b) 7→ F(v, b) :=

(
q, u ⊗ q + gη

2 (η − 2b)I2
)⊤ ∈ M3×2(R) is the (nonlinear) flux function,

given in the pre-balanced form [51]

− H+
b ∋ v 7→ S[τ ](v) := (0, Sq[τ ](v))⊤ ∈ R3 denotes a generic algebraic source term depending on external

data τ . Relevant choices include:

– H+
b ∋ v 7→ B[b](v) := (0, −gη∇xb)⊤ describes the effect of bathymetric variations,

– H+
b ∋ v 7→ R[nf ](v) :=

(
0, −n2

f
q∥q∥

(η−b)γ

)⊤
denotes a nonlinear (quadratic) friction source term, with

γ ≥ 0 a user-defined exponent (e.g. γ = 7/3 for Manning’s formulation),
– H+

b ∋ v 7→ Rlin[nf ](v) := (0,−nfq)⊤ is a linear (laminar) friction source term.

These source terms may be considered independently or combined.
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Figure 1: Schematic representation of the 2D shallow-water flow configuration, illustrating the free surface
elevation η(x, t), the bathymetry b(x), and the water height H(x, t).

1.2. Discrete framework
Domain partitioning and related polynomial approximation

We denote by Ω ⊂ R2 the computational domain, which is assumed to be a bounded open set with Lipschitz
boundary ∂Ω. We denote by Th a triangulation of Ω into nel open cells ωc, c ∈ J1, nelK, such that

Ω =
⋃

ωc∈Th

ωc, and ω̊c ∩ ω̊v = ∅, for all c ̸= v.

Given ωc ∈ Th, we denote by hc a measure of its diameter, and define h := maxc∈J1,nelK hc as the diameter of
the largest cell in the mesh. Similarly, xc

b := (xc
b, y

c
b) denotes the barycenter of ωc, and hc

x (resp. hc
y) stands for

measures of ωc x- (resp. y-) lengths in both cartesian directions.

The set of all mesh faces is denoted by Fh := F0
h ∪F∂

h , where F0
h collects the internal faces and F∂

h the boundary
faces. For each cell ωc ∈ Th, we denote by Fc := {Γ ∈ Fh | Γ ⊂ ∂ωc} the set of local faces. During our numerical
investigations, we consider simplicial meshes, i.e. #Fc = 3 for all ωc ∈ Th, but the method can of course be
extended to more general elements. If Γ ∈ Fc, we define ncΓ as the unit normal to Γ pointing outward from ωc.
For internal faces Γ ∈ F0

h , we fix an arbitrary but consistent orientation and denotes the associated unit normal
vector by nΓ. For boundary faces Γ ∈ F∂

h , we set nΓ := ncΓ. If there is no ambiguity, we will often denote ncv

as the normal vector associated to the face Γcv of the element ωc shared with its neighbor ωv.

For any integer k ≥ 0, let us define the space of piecewise-polynomials on the mesh elements, called broken-
polynomials space for short:

Pk(Th) := {v ∈ L2(Ω) | ∀ωc ∈ Th, v|ωc
∈ Pk(ωc)},

where Pk(ωc) denotes the space of polynomials in ωc of total degree at most k, with Nk := dimPk(ωc) =
(k+1)(k+2)/2. Piecewise polynomial functions belonging to some broken-polynomial space Pk(Th) are denoted
with a subscript h in the following, and for any vh ∈ Pk(Th), and for all ωc ∈ Th, we use the shortcut vc

h := vh|ωc
.

We set Pk(U) := (Pk(U))3 for any relevant domain U (e.g., U = Th, Fh, ωc etc.). A basis for Pk(ωc) is denoted
by

Ψc := {ψc
j}j∈J1,NkK, (2)

and for vc
h ∈ Pk(ωc), vc :=

{
vc

j | j ∈ J1, NkK
}

stand for the local degrees of freedom associated with ωc. We
also denote by v := {vc | c ∈ J1, nelK} the global degrees of freedom of vh. For ωi ∈ Th, we denote by pk

c the
L2-orthogonal projector onto Pk(ωc) and pk

h the global L2-orthogonal projector onto Pk(Th), gathering all the
local L2 projectors pk

c . We also define a gradient operator ∇k
h : Pk(Th) → Pk−1(Th) such that, for all vh ∈ Pk(Th):

(∇k
hvh)|ωc

:= ∇x(vc
h), ∀ωc ∈ Th.
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Seeking for approximate solutions of (1), the next sections are devoted to the computation of vh := (ηh,qh),
such that for any time value, vh(·, t) ∈ Pk(Th), with the corresponding approximate local solution vc

h

vc
h(x, t) =

Nk∑
m=1

vc
m(t)ψc

m(x). (3)

Similarly, we set bc
h(x) :=

∑Nk

m=1 b
c
mϕ

c
m(x). Lastly, for vh ∈ Pk(Th) and any related interface Γcv(k), and when

no confusion is possible, let us simply denote by v−
k and v+

k , respectively, the interior and exterior traces with
respect to ωc of vc

h and vv
h to Γcv.

Sub-mesh and related discrete operators

Let us divide the initial mesh into subcells: for any given mesh element ωc ∈ Th, we introduce a sub-partition
Tsub

c into Ns open disjoint subcells:

ωc =
⋃

m∈J1,NsK

S
c

m,

where the subcell Sc
m has the area |Sc

m|, gathered in the diagonal area matrix Dc ∈ MNs
(R) s.t. Dc :=

diagm∈J1,NsK(|Sc
m|).

Remark 1.1. For the numerical applications considered in this work, only two particular subdivision families
are considered: a hybrid quadrilateral/triangle configuration and a fully triangular one. However, any subdivision
that satisfies the required properties described later can be used, allowing for very general subcell shapes, see
[75,76] for more details.

In what follows, Γc
mp refers to the face between subcell Sc

m and its neighbor Sp, and its length is denoted by
ℓmp. For a given cell ωc and a subcell Sc

m, we denote by Fc
m the set of faces of Sc

m and we set nm
f := #Fc

m, while
nc

f refers to the number of subcell’s faces which lies in the interior of ωc (and therefore not belonging to ∂ωc).
The set Vc

m contains the face-neighboring subcells of Sc
m (s.t. #Vc

m = nm
f ), while V̆c

m is the set of face-
neighboring subcells of Sc

m belonging to ωc (we recall that a sub-neighbor Sp can be either inside cell ωc i.e.
Sp ∈ Tsub

c (then Sp = Sc
p), or in one of its neighboring cells ωv i.e. Sp ∈ Tsub

v (then Sp = Sv
p ), see Fig. 2).

We denote by nmp the unit normal vector to the face Γc
mp of Sc

m shared with Sv
p ∈ Vc

m, oriented with the
following sign function εc

mp:

εc
mp :=


1 if Sp ∈ V̆c

m are neighbors and m < p,

−1 if Sp ∈ V̆c
m are neighbors and m > p,

0 if Sp /∈ Vc
m.

The set of vertices xp of subcell Sc
m is denoted by Pc

m, Vp is the set of subcells that share xp as a vertex and
the set

N(Sc
m) :=

⋃
xp∈Pc

m

Vp,

gathers the Sc
m and its node-neighboring subcells Sv

p (without discriminating the owning global elements).
Finally, the set Vmp contains all the subcells that shares at least one vertex with the face Γmp.
For any given ωc ∈ Th, the set of piecewise-constant functions on the sub-mesh is:

P0(Tsub
c ) := {v ∈ L∞(ωc) | ∀Sc

m ∈ Tsub
c , v|Sc

m
∈ P0(Sc

m)},

and we introduce the family of subcell-indicator functions

{1c
m | m ∈ J1, NsK},

such that 1c
m(x) := 1 if x ∈ Sc

m, and 0 otherwise, allowing to define the (mean-value) projector πk
c onto P0(Tsub

c )
such that

Pk(ωc) ∋ vc
h 7→ πk

c ◦ vc
h :=

Ns∑
m=1

vc
m1

c
m =: vc

h ∈ P0(Tsub
c ),

5



Figure 2: Two cases: subneighbor Sp inside cell ωc (left), and subneighbor Sp inside neighbor cell ωv (right).

where
{vc

m | m ∈ J1, NsK} =: vc

is the collection of piecewise-constant components defined as the mean-values of vc
h on the subcells belonging

to Tsub
c , and called sub-mean values. Note that, in what follows and when no confusion is possible, vc may be

seen as a vector of RNs , a set of Ns mean-values or identified with the associated piecewise-constant function
vc

h ∈ P0(Tsub
c ). In order to reach a global description of subcells and related operators, we gather the local

subcells partitions and define the associated global approximation space as follows:

T̃h :=
⋃

ωc∈Th

Tsub
c , P0(T̃h) := ×

ωc∈Th

P0(Tsub
c ).

The global projector onto P0(T̃h), obtained by gathering the local ones πk
c , is denoted by πk

h. In what follows,
piecewise-constant functions belonging to P0(T̃h) are denoted with an overline and a subscript h, and for any
vh ∈ P0(T̃h), and for all Sc

m ∈ T̃h, we obviously have the identity vc
m = vh|Sc

m
.

Remark 1.2. For the coupling between the classical DG schemes and the subcell FV-like method, the projection
operator πk

c : Pk(ωc) → P0(Tsub
c ) must be injective. This naturally requires the number of polynomial degrees

of freedom Nk to be less than or equal to the number of subcells per cell Ns (Nk ≤ Ns). This injectivity ensures
that the polynomial moments can be uniquely recovered from the subcell mean values. The associated local
transformation matrix Pc =

(
πc

mp

)
(m,p) ∈ MNs×Nk

(R) is defined as

πc
mp = 1

|Sc
m|

∫
Sc

m

φc
p(x) dx, ∀(m, p) ∈ J1, NsK × J1, NkK.

For our subdivision to be admissible, Pc must have full column rank. This guarantees the existence of a recon-
struction operator Rc acting as a left inverse, such that RcPc = INk

. These operators are then used to switch
between the polynomial representation of the solution and its subcell mean values:

vc = Pc v
c and vc = Rc v

c.

When Ns > Nk, the reconstruction problem is overdetermined. To properly recover the polynomial moments vc

from the subcell averages vc, we rely on a least-squares procedure, defining the reconstruction operator as the
pseudo-inverse:

Rc :=
(
P⊤

c Pc

)−1
P⊤

c .

In the light of [1, 76], a subdivision is then admissible if and only if P⊤
c Pc is indeed invertible. Of course the

reconstruction operator Rc simply reduces to P−1
c when Ns = Nk. Note that these local problems can be easily

vectorized on modern computational ressources.
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Figure 3: Partition of a mesh element ωc into Ns = Nk subcells for P1 (left), P2 (center) and P3 (right) cases.

Figure 4: Partition of a mesh element ωc into Ns > Nk subcells for P1 (left), P2 (center) and P3 (right) cases.

Time discretization and time-marching algorithm.

Given a final time T > 0, we consider a general partition of the time interval [0, T ] defined by 0 =: t0 < t1 <
· · · < tn < · · · < tN := T . The time step is denoted by ∆tn ∈ R∗

+ and may vary with time, such that for
any n ≥ 0, we have tn+1 = tn + ∆tn. Time integration is performed using explicit Strong Stability Preserving
Runge-Kutta (SSP-RK) schemes [32].

Introducing the time-stepping procedure naturally leads to a few additional time-related notations. We define
vn

h := vh(·, tn), and let vn
h := πk

h ◦ vn
h =: (ηn

h,qn
h) denote the associated piecewise-constant function over the

sub-mesh. For each cell ωc, we denote

vc,n := {vc,n
m | m ∈ J1, NsK},

as the set of sub-mean values at time tn, where each vc,n
m corresponds to the value of vn

h restricted to Sc
m. When

the context is clear, we may omit the superscripts c and n to simplify notation.

Considering the semi-discrete formulation written in operator form,

∂tvh + Ah(vh) = 0,

where Ah is a nonlinear operator, the third-order SSP-RK method advances the solution from time level n to
n+ 1 through the following stages:

vn,1
h = vn

h − ∆tnAh(vn
h),

vn,2
h = 1

4(3vn
h + vn,1

h ) − ∆tn

4 Ah(vn,1
h ),

vn+1
h = 1

3(vn
h + 2vn,2

h ) − ∆tn

3 Ah(vn,2
h ),

where vn,1
h and vn,2

h are intermediate stage values. The precise definition of the initial-data v0
h is temporarily

postponed, as one has to account for consistency and balancing with the bathymetric source term discretization.
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The time step ∆tn is adaptively computed according to the following CFL condition, relying on the subcells
geometry and the maximum wave speed computed from the sub-mean values of the solution:

∆tn =
min

ωc∈Th, Sc
m∈Tsub

c

|Sc
m|

σ max
ωc∈Th

(#Fc∑
k=1

ℓcv(k)

) , σ = max
ωc∈Th

[
max

Sc
m∈Tsub

c , Sv
p ∈Vc

m

(
|uc

m · nmp| +
√

gHc

m

)]
, (4)

2. Discrete formulations and flux reconstruction
In this section, we focus on the discrete formulations associated with (1). In the following, and when no confusion
is possible, ωv refers to a generic face-neighbor of ωc and we introduce the following shortcut for the normal
component of the physical flux across the (oriented) face Γcv:

F∗
cv := F(vh, bh)|Γcv

· ncv.

To approximate F∗
cv, we may use any consistent and positive numerical flux F∗,DG

cv , like the global Lax-Friedrichs
(LF) numerical flux for instance.

2.1. Discontinuous Galerkin (DG) formulation
A semi-discrete global DG formulation of the NSW equations with topography source term may reads as: find
vh := (ηh,qh) ∈ Pk(Th) such that, for all φh ∈ Pk(Th),∑

ωc∈Th

∫
ωc

∂tvhφh dx −
∑

ωc∈Th

∫
ωc

F(vh, bh) · ∇xφh dx +
∑

ωc∈Th

∑
Γ∈Fc

∫
Γ
F

∗,DG
Γ φh ds =

∑
ωc∈Th

∫
ωc

B[bh](vh)φh dx.

(5)

At the element level, testing against basis functions (2) and replacing vc
h by its polynomial expansion, we obtain

the following semi-discrete formulation for the polynomial moments vc = {vc
m | m ∈ J1, NkK}:

Nk∑
m=1

dvc
m

dt

∫
ωc

ψc
mψ

c
p dx −

∫
ωc

F(vc
h, b

c
h) · ∇xψ

c
p dx +

∑
Γ∈Fc

∫
Γ
F

∗,DG
Γ ψc

p ds =
∫

ωc

B[bc
h](vc

h)ψc
p dx. (6)

This formulation may also be written in a compact matrix-vector form as follows

Mc
dvc

dt = Φc + Sc, (7)

where:

− RNk ∋ Φc is the DG residual defined as follows:

(Φc
p)p∈J1,NkK := −

∑
Γ∈Fc

∫
Γ
F

∗,DG
Γ ψc

p ds+
∫

ωc

F(vc
h, b

c
h) · ∇xψ

c
p dx,

− MNk
(R) ∋ Mc is the mass matrix, with (Mc

mp)(m,p)∈J1,NkK2 :=
∫

ωc
ψc

mψ
c
p dx,

− RNk ∋ Sc is the bathymetry source term, with (Sc
p)p∈J1,NkK :=

∫
ωc

B[bc
h](vc

h)ψc
p dx.

2.2. Equivalency between DG and a subcell FV-like scheme
In this section, we reformulate the previous local DG scheme into a new formulation relying on submean values,
and relying solely on the interior flux F(vc

h, b
c
h), along with a correction term that accounts for the jumps of

the normal component approximations on cells interfaces.

Lemma 2.1. The global semi-discrete DG formulation (5) is locally equivalent to the following formulation
relying on submean values:

dvc
m

dt = − 1
|Sc

m|

 ∑
Sv

p ∈Vc
m

∫
Γc

mp

Fc
h · nmp ds−

#Fc∑
k=1

∫
Γc

ij(k)

(
Fc

h · ncv(k) − F∗,DG
cv(k)

)
ψ̃c

m ds

+
∫

Sc
m

Bc
h dx
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for all m ∈ J1, NsK, with the sub-resolution spanning set of functions Ψ̃ωc
:= {ψ̃c

m}m∈J1,NsK with ψ̃c
m(x) =

pk
c ◦ 1c

m(x), and where

Fh := pk
h ◦ F(vh, bh) and Bh := pk

h ◦ B[bc
h](vc

h),

the L2-projections of the flux function and source term onto Pk(Th)

Proof. Replacing the flux and source terms by their L2-projections into (5), we get:∫
ωc

∂tvc
hφ

c
h dx −

∫
ωc

Fc
h · ∇xφ

c
h dx +

#Fc∑
k=1

∫
Γcv(k)

F
∗,DG
cv(k)φ

c
h ds =

∫
ωc

Bc
hφ

c
h dx, ∀φc

h ∈ Pk(ωc).

Integrating by parts gives:∫
ωc

∂tvc
hφ

c
h dx −

#Fc∑
k=1

∫
Γcv(k)

(
Fc

h · ncv(k) − F∗,DG
cv(k)

)
φc

h ds+
∫

ωc

φc
h∇x · Fc

h dx =
∫

ωc

Bc
hφ

c
h dx, ∀ψ ∈ Pk(ωc),

(8)

which is generally called the strong DG form. Since ∂tvc
h, (∇x · Fc

h), Bc
h ∈ Pk(ωc), substituting ψ̃c

m into (8)
gives, for all m ∈ J1, NsK:∫

Sc
m

∂tvc
h dx =

#Fc∑
k=1

∫
Γcv(k)

(
Fc

h · ncv(k) − F∗,DG
cv(k)

)
ψ̃c

m ds−
∫

Sc
m

∇x · Fc
h dx +

∫
Sc

m

Bc
h dx.

We can then rewrite this with submean values, to get

dvc
m

dt = − 1
|Sc

m|

 ∑
Sv

p ∈Vc
m

∫
Γc

mp

Fc
h · nmp ds−

#Fc∑
k=1

∫
Γcv(k)

(
Fc

h · ncv(k) − F∗,DG
cv(k)

)
ψ̃c

m ds

+ Bc

m,

for all m ∈ J1, NsK, where Bc

m and vc
m are respectively the submean values of Bh and vh on subcell Sc

m. □

Lemma 2.2. The reconstructed flux F̂c ∈ Rnc
f such that

dvc
m

dt = − 1
|Sc

m|

 ∑
Sv

p ∈Vc
m

∫
Γc

mp

F̂n ds

+ Bc

m, ∀m ∈ J1, NsK,

with

∑
Sv

p ∈Vc
m

∫
Γc

mp

F̂n ds =
∑

Sv
p ∈Vc

m

∫
Γc

mp

Fc
h · n ds−

#Fc∑
k=1

∫
Γcv(k)

(
Fc

h · ncv(k) − F∗,DG
cv(k)

)
ψ̃c

m ds, (9)

is equal to the DG numerical flux F∗,DG
n on the boundary ∂ωc, i.e. F̂n|∂ω = F∗,DG

n , and may be computed from
the physical flux Fc through the following relation:

F̂c = Fc −A⊤
c L

−1
c ∂Fc, (10)

where:

− Rnc
f ∋ Fc collects the traces of the normal component of the interior flux on the sub-interfaces s.t. for all

Sc
m ∈ Tsub

c ,
(Fc

mp)p∈J1,nc
f

K :=
∫

Γc
mp

Fc
h · nmp ds.

− MNk×nc
f
(R) ∋ Ac stands for the adjacency matrix of cell ωc, where(

Ac
mp

)
(m,p)∈J1,NkK×J1,nc

f
K = εc

mp,

9



− RNs ∋ ∂Fc contains boundary contributions:

(∂Fc
m)m∈J1,NsK =

∫
∂ωc

(
Fc

h · n∂ωc − F∗,DG
∂ωc

)
ψ̂c

m(s) ds,

where ψ̂c
m is defined as follows:

ψ̂c
m(s) :=

{
ψ̃c

m(s) if s ∈ ∂ωc \ ∂Sc
m,

ψ̃c
m(s) − 1 if s ∈ ∂ωc ∩ ∂Sc

m.

− Mnc
f

×Ns(R) ∋ L−1
c is the inverse of the Laplacian matrix of the interior subgrid graph Lc := A⊤

c Ac on
the orthogonal of its kernel. For any λ ̸= 0, this generalized inverse writes:

L−1
c = (Lc + λΠ)−1 − 1

λ
Π (11)

with Π = 1
Ns

(1 ⊗ 1) ∈ MNk
(R). In the numerical implementation, we typically choose λ to be equals to 1.

Proof. See Appendix. □
We are then able to recast the semi-discrete DG formulation (5) into local subcell FV-like schemes, as follows:
Theorem 2.3. For the NSW equations (1), considering any φ ∈ Pk(ωc), the classical DG formulation in cell
ωc ∫

ωc

∂tvc
hφ dx −

∫
ωc

F(vc
h, b

c
h) · ∇xφ dx +

#Fc∑
k=1

∫
Γcv(k)

F
∗,DG
cv(k)φ ds =

∫
ωc

B[bc
h](vc

h)φ dx, (12)

can be recast into Ns FV-like subcell schemes written as follows:

∂tvc
m = − 1

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpF̂mp + Bc

m, ∀m ∈ J1, NsK, (13)

where the reconstructed flux is defined in (10).

Proof. The result is immediate from Lemmas 2.1 and 2.2. □

Remark 2.4. Concerning the computation of velocity u := q
H (whenever for polynomial values or piecewise

constant subcell values), we use the following velocity regularization from [44] (omitting the indices for the sake
of clarity):

u =
√

2Hq√
H4 + max(H4, ε)

, ureg = q
H

·
√

2√
1 + ε

H4

, (14)

where ε is a small, positive constant chosen a priori according to mesh scale and quality.

3. Local subcell monolithic DG/FV scheme

3.1. High and low-order topography-dependent numerical fluxes
In the following, we rely on several numerical fluxes defined at both mesh and submesh interfaces. Due to the
presence of non-flat bathymetry, in contrast with [75], the design of these fluxes must be carefully modified
to ensure consistency, stability, preserve the expected high-order accuracy and, in particular, maintain the
well-balancing property.
Inspired by the hydrostatic reconstruction for FV methods [4], extended to pre-balanced and DG formulations
in [24, 51], a key feature of our approach is to finely tune this reconstruction to be strategically applied both
on high-order polynomial traces or low-order approximations both at cells and subcells levels, using properly
defined intermediate reconstructed states, in the same fashion as [12] for the 1D case. This involves non-
conservative corrections to the numerical fluxes, which are designed to vanish at motionless steady states. As
shown in previous works, these corrections do not affect the accuracy nor the consistency of the solution, and
the conservation error is of the order of the scheme. Gathered with the previously introduced reconstructed
fluxes used to relate high-order DG scheme to local lowest-order FV scheme, the construction of the local subcell
monolithic DG/FV method is achieved through a combination of various numerical approximate interface fluxes.
For clarity and ease of reference, the definitions of these numerical fluxes are gathered and summarized below:
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♯ global LF numerical flux with bathymetry variations. The chosen interface flux has to account for the
bathymetry variations from cell to cell or subcell to subcell, and is defined as follows:

(H+
b )2 × R4 ∋ (v−,v+, b−, b+,n) 7→ F∗(v−,v+, b−, b+,n) := F(v−, b−) + F(v+, b+)

2 · n − σ

2 (v+ − v−),
(15)

♯ high-order DG fluxes F∗,DG
cv(k), k ∈ J1,#FcK and cell-scale hydrostatic reconstruction. Some local recon-

structed interface values for the interface topography are considered, relying on the left and right traces
of high-order approximations:

b̃k = max
(
b−

k , b
+
k

)
, b̌k = b̃k − max

(
0, b̃k − η−

k

)
,

together with reconstructed interface values for the water-height and total elevation as follows:

Ȟ±
k = max

(
0, η±

k − b̃k

)
and η̌±

k = Ȟ±
k + b̃k,

and interior/exterior solution values:

v±
k =

(
η̌±

k ,
Ȟ±

k

H±
k

q±
k

)⊤

.

Using these reconstructed values, we define the following (non-conservative) high-order interface flux
through the interface between ωc and ωv(k) as follows:

F
∗,DG
cv(k) = F∗

(
v̌−

k , v̌
+
k , b̌k, b̌k,ncv(k)

)
+ F̌

DG

cv(k), (16)

where F̌
DG

cv(k) is a correction term needed to ensure flux balancing at motionless steady states, defined as
follows, inspired from [79]:

F̌
DG

cv(k) =

 0 0
gη̌−

k (b̌k − b−
k ) 0

0 gη̌−
k (b̌k − b−

k )

 · ncv(k).

♯ first-order FV fluxes through subcells F∗,FV
mp , and subcell-scale hydrostatic reconstruction. For a neighbor

subcell Sv
p sharing a subface Γc

mp with Sc
m, we will denote by vc

m and vv
p respectively the interior and

exterior mean-values with respect to Γc
mp. We then now proceed the same way as usual by new defining

state reconstructions as follows:

b̃mp = max
(
b

c

m, b
v

p

)
, b̌mp = b̃mp − max

(
0, b̃mp − ηc

m

)
,

Ȟ
c

m = max
(

0, ηc
m − b̃mp

)
, Ȟ

v

p = max
(

0, ηv
p − b̃mp

)
,

and the reconstructed states for total elevation are then defined as

η̌
c

m = Ȟ
c

m + b̌mp, η̌
v

p = Ȟ
v

p + b̌mp,

leading to new exterior and interior values:

v̌c

m =
(
η̌

c

m,
Ȟ

c

m

H
c

m

qc
m

)⊤

, v̌v

p =

η̌v

p,
Ȟ

v

p

H
v

p

qv
p

⊤

.

The corrected FV numerical flux writes then as

F∗,FV
mp = F∗

(
v̌c

m, v̌
v

p, b̌mp, b̌mp,nmp

)
+ F̌

FV

mp, (17)
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where F̌
FV

mp is the correction term assuring flux balancing at motionless steady states

F̌
FV

mp =


0 0

gη̌
c

m

(
b̌mp − bmp

)
0

0 gη̌
c

m

(
b̌mp − bmp

)
,


with bmp denoting the mean-value of the bathymetry on cell ωc at the face Γc

mp, i.e.

bmp := 1
|Sc

m|

∫
Γc

mp

bc
h(s) ds.

♯ high-order DG reconstructed fluxes. These fluxes are obtained in the previous section (10), within the
formulation (9) and aim at locally mimicking the behavior of an "in-cell" FV scheme, while preserving the
global high-order accuracy of the DG scheme in the encompassing mesh element:

F̂c = Fc −A⊤
c L

−1
c ∂Fc,

all the quantities in the above equation being defined in the previous section.

3.2. Blending high and low-order fluxes
The reformulations of the DG scheme into a subcell FV-like approach, achieved through the introduction of
reconstructed fluxes and the first-order FV well-balanced corrected flux, now provide the foundation for con-
structing our monolithic FV subcell scheme, adapting the ideas of [75]. These schemes are convex combinations
of high-order fluxes with robust low-order fluxes. Indeed, for every face Γc

mp of each subcell Sc
m, we compute

the high-order DG reconstructed flux F̂mp and the first-order robust FV numerical flux F∗,FV
mp . Then, those two

quantities are gathered as follows:

F̃mp = F∗,FV
mp + Θmp∆Fmp, (18)

where Θmp ∈ [0, 1] and ∆Fmp := F̂mp −F∗,FV
mp . In the following, we refer to Θmp as blending coefficients and to

F̃mp as blended fluxes.
Obviously, setting the blending coefficient to zero leads to a first-order FV numerical flux, while the value 1 gives
the high-order DG reconstructed flux, leading to a local approximation equivalent to the usual DG formulation.
For consistency reason, we define a unique blending coefficient for every subedge, meaning for every Sv

p ∈ Vc
m,

Θmp = Θpm. The local subcell monolithic DG/FV convex property preserving scheme for NSW then writes as

dvc
m

dt = − 1
|Sc

m|
∑

Sv
p ∈Vc

m

ℓmpF̃mp + Bc

m. (19)

Using a forward Euler time integration, we get the following:

Definition 3.1. The subcell monolithic DG/FV convex property preserving scheme supplemented with a first-
order time integration is

vc,n+1
m = vc,n

m − ∆tn

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpF̃mp + ∆tnBc,n

m , (20)

where F̃mp = F∗,FV
mp + Θmp

(
F̂mp − F∗,FV

mp

)
, with the reconstructed high-order flux defined in (10) and the FV

flux treated in (17). In practice, higher-order strong stability preserving Runge-Kutta methods (SSP-RK) [33]
are employed for time integration, as they can be seen as convex combination of Forward-Euler schemes.

3.3. Source term discretization
As far as the source term discretization is concerned, we emphasize the issue of juggling between modal ap-
prximations and piecewise-constant subcell values, in order to achieve a welcome well-balancing property for
steady-states. Considering the topography source term B[b](v) = (0,−gη∇xb)⊤, the proposed discretization
should follow the following flowchart to ensure the consistency and balancing property with the discretization
of the fluxes:
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Sc
m

Sc
p

F̂mp F∗,FV
mp

Figure 5: Representation of the two fluxes computed on each subinterface between two neighboring subcells Sc
m

and Sv
p . The blending coefficient Θmp then allows to combine those two fluxes in a convex way to get the final

flux F̃mp used in the monolithic scheme.

1. on each cell, subcell averages of b and η are computed. Using the projection matrix Pc, bh and ηh are
reconstructed,

2. the source term is then projected onto Pk to obtain Bh := pk
h ◦ B[bc

h](vc
h),

3. the mean integral is computed and we get Bc

m := 1
|Sc

m|
∫

Sc
m

Bh dx.

From a practical viewpoint, and conveniently starting from a "classical" DG local approximation of the source
term

∫
ωc

Bhφh dx, this may be formulated in a compact way using previously defined operators-matrix products:

Bc

m = PcM
−1
c

(∫
ωc

Bhφh dx
)
.

The reader may also find additional informations on this source term discretization process within subcell
monolithic schemes in [12].

Remark 3.2. Other discretizations are of course possible for the topography source term, like for example using
the blending coefficients Θ in a mimetic way with the monolithic blended fluxes, representing the source term
Bc

m as a convex combination:

Bc

m = Bc,FV

m + Θc
m

(
Bc,DG

m − Bc,FV

m

)
,

with Θc
m := 1

#Vc
m

∑
Sv

p ∈Vc
m

Θmp, and Bc,DG

m = 1
|Sc

m|
∫

Sc
m

Bh dx, with for the FV source term :

Bc,FV

m = 1
|Sc

m|

∫
Sc

m

B[bc
h](vc

m) dx = − gηc
m

|Sc
m|

∫
Sc

m

(
0

∇xb
c
h

)
dx = − gηc

m

|Sc
m|

∫
∂Sc

m

(
0

bc
h · n

)
ds,

or as in [26], i.e.

Bc,FV

m = 1
|Sc

m|
∑

Sv
p ∈Vc

m

ℓmp

(
0

g

2

(
ηc

m − η̌
c

m

)(
b

c

m − b̌
c

m

)
nmp

)
.

Numerical investigations do not show noticeable variations on the studied test-cases.

4. Fitting the blended fluxes
We are left with the definition of some blending coefficients, which aim at ensuring that the required properties
on the resulting approximate solution are strictly enforced, while preserving the highest possible level of accuracy
and convergence rate of the scheme. To achieve this, the idea introduced in [75] is to locally reformulate the
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monolithic scheme (20) as a Godunov-like scheme at subcells interfaces, and we follow these lines, but accounting
for the particularity of the NSW equations.
In what follows, the novel discrete form and the subsequent analysis are developed relying on semi-discrete
formulations, together with an extension to fully-discrete case with the first-order Euler time-marching algorithm
(various higher-order Runge-Kutta time-marching methods may be used to achieve better convergence in time,
and these multistage methods are convex combinations of first-order forward Euler steps).

4.1. Intermediate Riemann states and blending coefficients smoother
As
∑

Sv
p ∈Vc

m
ℓmpnmp = 0, we have:

vc,n+1
m = vc,n

m − ∆tn

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpF̃mp + ∆tnBc,n

m + ∆tn

|Sc
m|
F
(

vc,n
m , b

c

m

)
·
∑

Sv
p ∈Vc

m

ℓmpnmp ± σ∆tn

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpvc,n
m

=

1 − σ∆tn

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmp

vc,n
m + σ∆tn

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmp

vc,n
m −

F̃mp − F
(

vc,n
m , b

c

m

)
· nmp

σ

+ ∆tnBc,n

m .

Defining the interior blended Riemann intermediate states ṽ∗
mp := vc,n

m − F̃mp−F(vc,n
m ,b

c

m)·nmp

σ , the previous
expression can be recast into the following form

vc,n+1
m =

1 − σ∆tn

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmp

vc,n
m + σ∆tn

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpṽ∗
mp + ∆tnBc,n

m .

The sum parts of this formulation of vc,n+1
m is a convex combination of solution-states, provided that the time

step is computed under the CFL condition (4). By means of LF flux definition, we may rewrite the interior
blended Riemann intermediate state as

ṽ∗
mp =

vc,n
m + vv,n

p

2 −

(
F
(

vc,n
m , b

c

m

)
− F

(
vv,n

p , b
v

p

))
· nmp

2σ − Θmp
∆Fmp

σ
= v∗

mp − Θmp
∆Fmp

σ
,

where v∗
mp is the interior first-order FV Riemann intermediate state. Since the proposed numerical construction

relies on non-conservative numerical fluxes (17), we need interior and exterior trace-values for the numerical
fluxes, and we have the following definitions of blended Riemann intermediate states:

ṽ∗
mp := v∗

mp − Θmp

(
F̂mp − F∗,FV

mp

σ

)
, ṽ∗

pm := v∗
pm + Θmp

(
F̂pm − F∗,FV

pm

σ

)
,

where v∗,±
mp are the FV intermediate states defined as

v∗
mp := vc

m −
F∗,FV

mp − F
(

vc,n
m , b

c

m

)
· nmp

σ
, v∗

pm := vc
m −

F∗,FV
pm − F

(
vv,n

p , b
v

p

)
· npm

σ
.

As a consequence, if the numerical initial-data does lie in H+
b , we show in the following that it is possible to

define local blending coefficients Θmp which allows to reach optimal convergence order in smooth areas, while
ensuring that vc

m remains in H+
b during the time-evolution (provided, as usual, that the first-order underlying

FV scheme satisfies the positivity property), preventing in the meantime from spurious oscillations in the vicinity
of classical shocks, and which is entirely compatible with the preservation of motionless steady-states.

Before describing the detailed construction of such blending coefficients, let us emphasize that it has been
previously noted in [75, 76] that, for some particularly non-linear evolutions, a sharp switching between a
first-order scheme and a fully high-order scheme can lead to unphysical oscillatory behaviors. For instance,
some subcells may be assigned first-order FV fluxes on certain faces (hence Θmp = 0) and fully high-order
reconstructed fluxes (hence Θmp = 1) on others. To mitigate such sharp variations, a blending coefficient
smoother may be introduced and each subcell Sc

m ∈ Tsub
c is assigned a blending coefficient Θc

m, defined as the
average of the blending coefficients of its faces, as follows:

Θc
m = 1

#Vc
m

∑
Sv

p ∈Vc
m

Θmp.
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Subsequently, a unique blending coefficient for each subcell face may be locally adjusted by reducing it to the
average of the blending coefficients of all subcells sharing a node with the face Γmp as follows:

Θ̃mp = min

Θmp,
1

#Vmp

∑
Sv

q ∈Vmp

Θv
q

 . (21)

This is used to produce the numerical results of section 5.

4.2. Water-height positivity (PAD criterium)
It is essential to ensure the positivity of the discrete water-height, which is notoriously challenging for high-
order methods. First, let study the first-order FV Riemann intermediate states: for a subcell Sc

m ∈ Tsub
c and

its neighboring subcell Sv
p ∈ Vc

m, we show that η∗
mp ≥ b

c

m and η∗
pm ≥ b

v

p.

Proposition 4.1. The water-height positivity is ensured on first-order FV Riemann intermediate states for the
subcell FV fluxes.

Proof. We just need to ensure that for all ωc ∈ Th, for all Sc
m ∈ Tsub

c , ηc,n
m ≥ b

c,n

m . Dropping the superscript n
and using the notation F∗,η

mp for the first component of the numerical FV flux F∗,FV
mp , we only need to verify is

that for any Sc
m ∈ Tsub

c , we have

η∗
mp = ηc

m −
F∗,η

mp − qc
m · nmp

σ
≥ b

c

m, and η∗
pm = ηv

p −
F∗,η

pm − qv
p · nmp

σ
≥ b

v

p.

Noticing that η̌v

p − η̌
c

m = Ȟ
v

p − Ȟ
c

m + b̌mp − b̌mp = Ȟ
v

p − Ȟ
c

m, and using the velocity notation uc
m := qc

m

H
c

m

, we
have

η∗
mp = ηc

m −
F∗,η

mp − qc
m · nmp

σ
= H

c

m + b
c

m −
F∗,η

mp − qc
m · nmp

σ

= 1
2

(
2Hc

m + Ȟ
v

p − Ȟ
c

m

)
− 1

2σ

(
q̌v

p − q̌c

m − 2qc
m

)
· nmp + b

c

m

= 1
2

(
2Hc

m + Ȟ
v

p − Ȟ
c

m

)
− 1

2σ

(
Ȟ

v

puc
m − Ȟ

c

muc
m − 2Hc

muc
m

)
· nmp + b

c

m.

Writing it this way demonstrate that we just need to have

1
2

(
2Hc

m + Ȟ
v

p − Ȟ
c

m

)
− 1

2σ

(
Ȟ

v

puc
m − Ȟ

c

muc
m − 2Hc

muc
m

)
· nmp ≥ 0.

By construction, we easily have 0 ≤ Ȟ
c

m ≤ H
c

m and 0 ≤ Ȟ
v

p ≤ H
v

p, so we easily get 2Hc

m + Ȟ
v

p − Ȟ
c

m ≥ 2Hc

m.
For the other term, let us rearrange it into

(
Ȟ

v

puc
m − Ȟ

c

muc
m − 2Hc

muc
m

)
· nmp =

((
2Hc

m − Ȟ
c

m

) 1 + uc
mσ

−1

2 + Ȟ
v

p

1 + uv
pσ

−1

2

)
· nmp,

and according to CFL (4) and hydrostatic reconstructions, we get:

2Hc

m − Ȟ
c

m ≥ H
c

m,

(
1 + uc

mσ
−1

2

)
· nmp ≥ 0, Ȟ

v

p ≥ 0,
(

1 + uv
pσ

−1

2

)
· nmp ≥ 0.

This leads to η∗
mp ≥ b

c

m and, in the same way, we show that η∗
pm ≥ b

v

p. □

We are able to find a blending coefficient ΘH+

mp that ensures preservation of water-height positivity:

Proposition 4.2. Under the CFL condition (4), if for all ωc ∈ Th, for all Sc
m ∈ Tsub

c , vc,n
m ∈ H+, then for all

ωc ∈ Th, for all Sc
m ∈ Tsub

c , vc,n+1
m ∈ H+, provided that the blending coefficient ΘH+

mp , satisfies

ΘH+

mp ≤ min
(

ΘH+,−
mp ,ΘH+,+

mp

)
,
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with

ΘH+,−
mp ≤


σ
(
η∗

mp − b
c

m

)
∆Fmp

if ∆Fmp > 0,

1 else,

ΘH+,+
mp ≤


σ
(
b

v

p − η∗
pm

)
∆Fpm

if ∆Fpm < 0,

1 else,

with the notation ∆Fmp := F̂mp − F∗,FV
mp .

Remark 4.3. We emphasize that a neat computation of the discrete initial-data is required, to ensure the
initial positivity of the water-height both at the cells and subcells scales. To achieve this, we first compute
the subcell mean-values of the variables and then apply the projection matrix Pc to recover the cell polynomial
representation, ensuring that the approximate initial-data belongs to H+

b (or, more generally, to any convex set
of admissible states of interest). Indeed, the approximate initial data v0

h must be admissible in order to generate
a sequence of admissible states under the CFL condition and the chosen blending coefficients. Starting from a
physical or idealized (analytical) initial-data v0 := (η0, q0

x, q
0
y) and a bathymetry parameterization b such that

η0 − b ≥ 0, we observe that π̃k
h(η0 − b) ≥ 0. Therefore, the subcell representation v0

h := π̃k
hv0 is admissible. In

the same spirit, we also have that v0
h := (πk

h)−1v0
h remains admissible. From this last relation, we see that the

approximate initial surface elevation must be defined consistently with the previous definition of the approximate
bathymetry:

η0
h := (πk

h)−1π̃k
hη

0 − bh. (22)

4.3. Relaxed subcell numerical admissibility detection (SubNAD criterium)
To prevent unphysical oscillations in the vicinity of discontinuities, we mimic a local maximum principle, on
the sub-mean values, by enforcing the sub-mean elevation ηc,n+1

m to be bounded by the sub-mean values at the
previous time step (or previous RK step in time integration) in a given subcell set, as follows:

αc
m := min

Sv
p ∈N(Sc

m)
ηv,n

p ≤ ηc,n+1
m ≤ max

Sv
p ∈N(Sc

m)
ηv,n

p =: βc
m, (23)

Proposition 4.4. To ensure condition (23) is satisfied for any subcell, it is sufficient to verify that η̃∗,−
mp ∈

[αc
m, β

c
m] and η̃∗,+

mp ∈ [αv
p, β

v
p ]. Since η∗,±

mp satisfies both conditions, it suffices to impose the following constraint
on Θmp:

ΘSubNAD
mp ≤ min

(
1,
∣∣∣∣ σ

∆Fmp

∣∣∣∣
{

min
(
βv

p − η∗,+
mp , η

∗,−
mp − αc

m

)
if ∆Fmp > 0,

min
(
βc

m − η∗,−
mp , η

∗,+
mp − αv

p

)
if ∆Fmp < 0.

)
.

As in [75, 76], we also introduce some relaxation through a smooth extrema detector in order to preserve the
scheme’s accuracy in the presence of smooth extrema. This detector is based on the smoothness indicator for
finite elements, as described in [45]. The main idea is as follows: the numerical solution is considered to exhibit
a smooth extrema profile if the linearized version of the numerical solution’s spatial derivatives represents a
monotonous profile. To achieve this, we introduce the following subcell linear reconstructions:

Em
x (x) = ∂xηc

h

m + ∇x(∂xηc
h)

m
· (x − xc

m), (24)

Em
y (x) = ∂yηc

h

m + ∇x(∂yηc
h)

m
· (x − xc

m). (25)

In the above, xc
m represents the barycenter of the subcell Sc

m, and ∂x\yη
c
h

m and ∇x(∂x\yη
c
h)

m
denote the subcell

averages of the successive partial derivatives of ηc
h. The smoothness indicator functions Em

x and Em
y , being

linear, attain their extrema at the vertices xq ∈ Pc
m. To confirm that the numerical solution ηh presents a

smooth profile within subcell Sc
m, we require that the linearized spatial derivative functions satisfy the following

constraints:

Emin
x,q ≤ Em

x (xq) ≤ Emax
x,q and Emin

y,q ≤ Em
y (xq) ≤ Emax

y,q , (26)

where Emin
x\y,q and Emax

x\y,q are defined as:

Emin
x\y,q = min

Sc
m∈Vq

Em
x\y(xq) and Emax

x\y,q = max
Sc

m∈Vq

Em
x\y(xq).

In practice, if condition (26) holds for all vertices xq ∈ Pc
m, the numerical solution ηh can be regarded as smooth

within subcell Sc
m. Additionally, if the solution is smooth in both subcells Sc

m and Sv
p , the blending coefficient

constraint through the discrete local maximum condition (23) can be relaxed (ie. Θmp = 1).
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Remark 4.5. Smooth extrema detection is not required for second-order approximations. For third-order local
subcell monolithic DG/FV schemes, however, the smoothness detector must operate at the cell level. Indeed, in
this case, the second derivatives ∇x(∂x\yη

c
h) are constant and do not require additional subcell-level computations.

4.4. Well-Balancing for motionless steady-states
In this section, we show that the previous constrained choices of blended coefficients, when combined together
with local and global hydrostatic-like reconstructions, do allow to preserve a well-balanced property.

Remark 4.6. Let us note that under the motionless steady-state assumption ηh = ηe > 0 and qn
h = 0, the

following relation holds:

∇x · F(vc, bc) = B[bc](vc), ∀ωc ∈ Th.

Moreover, as we have

F(vh, bh) =

 0 0
1
2g
(
η2

h − 2ηhbh

)
0

0 1
2g
(
η2

h − 2ηhbh

)
 ,

we emphasize that F(vh, bh) belongs to M2×3
(
P2k(Th)

)
. Therefore at steady state,

Fh := pk
Th

◦ F(vh, bh) = F(vh, bh).

Proposition 4.7. The discrete formulation (20) preserves the motionless steady states, provided that the inte-
grals in both the DG and FV subcell formulations are exactly computed at steady-states. We then have:

∀n ∈ N, ∀ηe ∈ R, (ηn
h = ηe and qn

h = 0) =⇒
(
ηn+1

h = ηe and qn+1
h = 0

)
.

Proof. Let us recall that the discrete formulation of the monolithic DG/FV subcell scheme is given by:

vc,n+1
m = vc,n

m − ∆tn

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpF̃mp + ∆tnBc,n

m .

At motionless steady state, we want to show that the numerical fluxes are cancelling the source term,

1
|Sc

m|
∑

Sv
p ∈Vc

m

ℓmpF̃mp = Bc,n

m s.t. vc,n+1
m = vc,n

m . (27)

Since the blended flux F̃mp is a convex combination of the first-order FV flux F∗,FV
mp and the high-order recon-

structed flux F̂mp, it is enough to prove that the source term is exactly cancelled by both fluxes. Let us first
consider the case where the blending Θ is set to 1, meaning we consider only the high-order contribution. We
have

F̂c =
{
Fc −A⊤

c L
−1
c ∂Fc in ωc \ ∂ωc,

F
∗,DG
∂ωc

on ∂ωc,

where

(∂Fc)m =
∫

∂ωc

(
Fc

h · n∂ωc − F∗,DG
∂ωc

)
ϕ̃c

m(s) ds.

Let us show that, under steady-states assumption, for each interface Γcv(k) ⊂ ∂ωc, k ∈ J1,#FcK, we have
F

∗,DG
cv(k) = Fc

h · ncv(k). This can simply be obtained by remarking that

Fc
h · ncv(k) = F(v−

k , b
−
k ) · ncv(k) = F

((
ηe

0

)
, b−

k

)
· ncv(k) =

 0 0
1
2g
(
(ηe)2 − 2ηeb−

k

)
0

0 1
2g
(
(ηe)2 − 2ηeb−

k

)
 · ncv(k)
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and also

F
∗,DG
cv(k) =

F(v̌−
k , b̌k) + F(v̌+

k , b̌k)
2 · ncv(k) − σ

2
(
v̌+

k − v̌−
k

)
+ F̌cv(k) =

F(v̌−
k , b̌k) + F(v̌+

k , b̌k)
2 · ncv(k) + F̌cv(k)

=




0 0
1
2g
(

(ηe)2 − 2ηeb̌k

)
0

0 1
2g
(

(ηe)2 − 2ηeb̌k

)
+

 0 0
gηe(b̌k − b−

k ) 0
0 gηe(b̌k − b−

k )


 · ncv(k)

=

 0 0
1
2g
(
(ηe)2 − 2ηeb−

k

)
0

0 1
2g
(
(ηe)2 − 2ηeb−

k

)
 · ncv(k).

This means that we have

F̂c =
{
Fc in ωc \ ∂ωc,

F
∗,DG
∂ωc

on ∂ωc,

and therefore, by Remark 4.6, we have F̂c = F(vc
h, b

c
h) at steady states and we can write:∑

Sv
p ∈Vc

m

ℓmpF̂mp =
∫

Sc
m

∇x · Fc
h dx =

∫
Sc

m

∇x · F(vc
h, b

c
h) dx.

We get then

1
|Sc

m|
∑

Sv
p ∈Vc

m

ℓmpF̂mp − Bc,n

m = 1
|Sc

m|

(∫
Sc

m

∇x · F(vc
h, b

c
h) dx −

∫
Sc

m

B(vc
h,∇xb

c
h) dx

)
,

and since we have ∇x · F(vc
h, b

c
h) = B(vc

h,∇xb
c
h) at steady states,

1
|Sc

m|
∑

Sv
p ∈Vc

m

ℓmpF̂mp − Bc,n

m = 0 s.t. vc,n+1
m = vc,n

m .

Let us now consider Θ = 0, meaning that we consider only the first-order FV flux contributions, we show that
1

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpF
∗,FV
mp = Bc,n

m s.t. vc,n+1
m = vc,n

m .

Let us note that

F∗,FV
mp =

F(v̌c

m, b̌mp) + F(v̌v

p, b̌mp)
2 · nmp − σ

2

(
v̌v

p − v̌c

m

)
+ F̌

FV

mp =
F(v̌c

m, b̌mp) + F(v̌v

p, b̌mp)
2 · nmp + F̌

FV

mp

=




0 0
1
2g
(

(ηe)2 − 2ηeb̌mp

)
0

0 1
2g
(

(ηe)2 − 2ηeb̌mp

)
+


0 0

gηe
(
b̌mp − bmp

)
0

0 gηe
(
b̌mp − bmp

)

 · nmp

=

 0 0
1
2g
(
(ηe)2 − 2ηebmp

)
0

0 1
2g
(
(ηe)2 − 2ηebmp

)
 · nmp.

Since bmp := 1
|Sc

m|
∫

Γc
mp
bc

h(s) ds, it indeed implies equality between the numerical flux F∗,FV
mp and the flux function

Fc
h · nmp at steady-states. For any interface Γmp and in the general case Θmp ∈ [0, 1] we have for all Sc

m ∈ Tsub
c ,

for all Sv
p ∈ Vc

m, F̂mp = F∗,FV
mp = Fc

h · nmp at steady-states, and we easily get the following:

1
|Sc

m|
∑

Sv
p ∈Vc

m

ℓmpF̃mp = 1
|Sc

m|
∑

Sv
p ∈Vc

m

ℓmpF
∗,FV
mp + 1

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpΘmp

(
F̂mp − F∗,FV

mp

)
= 1

|Sc
m|

∑
Sv

p ∈Vc
m

ℓmpF
∗,FV
mp = Bc,n

m .

□
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5. Numerical simulations
In this section, we show that the previous discrete formulation is operational and that the claimed properties
are ensured in various existing scenarios, demonstrating that the expected and previously proven properties
are effectively observable in a reliable manner. If not stated otherwise, the numerical simulations are produced
using the monolithic DG/FV scheme with relaxed SubNAD and PAD criteria, with the blending smoother (21).
Both subdivisions are shown (i.e. fully triangular and quadrilateral/triangular one), as neither of them affects
the quality of numerical results. When presenting pseudo-1D results (i.e. domain slices and density profiles), we
either display the subcell mean values or the cell-averaged values (i.e., the mean of their corresponding subcell
values) to ensure that the plots is readable.

5.1. Steady vortex with smooth bathymetry

Simulation parameters.

Computational domain: Ω = [−5, 5]2
Number of cells: nel = 200, 800, 3200, 12800 cells
Boundary conditions: Dirichlet

Polynomial degree: k = 1, 2, 3
Time-marching order : p = 3
Final time: tmax = 1 sec

This first test-case aim at assessing the convergence properties of the method in some optimal set-up, with the
occurence of a smooth bathymetry: we consider a steady vortex configuration detailed in [57]. The bathymetry
is b(x) = 0.2e0.5(1−r2) (r2 = x2+y2) and the corresponding exact solution, illustrated in Figure 6, is v = (η,q)⊤,
is given by:

H(x, t) = 1 − 1
4g e

2(1−r2) − b(x), η(x, t) = H(x, t) + b(x),

qx(x, t) = H(x, t)
(
ye1−r2

)
, qy(x, t) = H(x, t)

(
−xe1−r2

)
,

which allows to quantitatively compare the approximate and expected solutions at a given discrete-time. Even
if not fully displayed here for the sake of conciseness, we report some excellent agreements for both conservative
variables, and we emphasize that an "optimal" convergence-order of O(k + 1) is observed in every studied
computational scenario. As an example, we show color-valued free-surface elevation on Fig. 6 for a particular
simulation (similar results are observable with the discharge) and we report the corresponding error-values in
Table 7, with practical details of the computation provided in the grey summary-box above. We emphasize that
such an optimal behavior is achieved even using the relaxed-SubNAD criterium, ensuring that this particular
numerical trick does not modulate the leading error terms, even when considering higher-order approximations.

−5 −2.5 0 2.5 5
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−2.5

0

2.5
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1.00
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Figure 6: Steady vortex − Exact (left) and P3 numerical (right) height at final time t = 1 sec on 800 cells.
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k 1 2 3

h Eη
L2 qη

L2 Eη
L2 qη

L2 Eη
L2 qη

L2

1 9.445E-2 2.35 1.529E-2 2.91 4.580E-3 4.19
1
2 1.854E-2 2.16 2.039E-3 3.03 2.505E-4 4.10
1
4 4.158E-3 2.07 2.491E-4 2.97 1.465E-5 4.00
1
8 9.923E-4 − 3.187E-5 − 9.165E-7 −

Figure 7: Steady vortex − L2-errors between numerical and analytical solutions and convergence rates for η at
time t = 1 sec.

5.2. Well-balancing

Simulation parameters.

Computational domain: Ω = [0, 2] × [0, 1]
Number of cells: nel = 506, 2064 cells
Boundary conditions: solid-walls

Polynomial degree: k = 4
Time-marching order : p = 3
Final time: tmax = 20 sec

We perform numerical experiments to assess the well-balancedness of the scheme and we consider a non-uniform
topography defined as follows:

b(x) =
{

0.5e−100((x−1.2)2+150(y−0.7)2) if x > 0.68,
−0.5e−100((x−0.45)2+150(y−0.4)2) otherwise.

Two different set-ups are investigated on unstructured and coarse meshes, in order to assess the capability
of our numerical method to preserve motionless balance within a high-order setting: : fully-immerged and
partly-immerged bathymetry, see Figures 8–9 for a visual description.

Fully immerged

At t = 0, we prescribe η0 = 1 and q0 = 0 and the algorithm preserves this initial-data up to machine-accuracy,
with an adaptive time-step that stays strictly constant during all the computation, up to the two last digits
(machine accuracy in double-precision). We show on Fig. 8 the corresponding flat free-surface profile, and the

0.25 0.50 0.75 1.00 1.25 1.50 1.75
x(m)

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

η h

×10−12 + 10× 10−1

elevation (ηh)

0.25 0.50 0.75 1.00 1.25 1.50 1.75
x(m)
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0.98

1.00

1.02

1.04

θ m
p

blending coefficient (θmp)

Figure 8: Well-balancing with fully-imerged bathymetry − At t = 20 sec: free-surface elevation (left), corre-
sponding blending coefficient (right)

associated blending coefficient, which remains stuck to 1 as expected.

20



Partly immerged

Going further into the practical investigations, we consider a finer mesh of 2064 cells, and initially prescribe a
localized dry area by setting η0 = max(b, 0.2) and q0 = 0 (see Fig 9). Previous machine-accuracy preservation
may be also obtained provided that a matching mesh, perfectly compatible with the wet/dry contact line, is
used. With general (non-matching) meshes, tiny oscillations may be classically observed near the contact-
line for the discharge and for higher-order approximations, as expected and exhibited in Figures 10–11. We

Figure 9: Well-balancing with dry area − Free-surface elevation and topography at t = 20 sec.

emphasize that such an issue is inherent to the nature of wet-dry interfaces located inside mesh elements, as
the same local polynomial approximations have to alternatively approximate, into the same mesh element,
free-surface and bathymetry. If such a situation generally generates numerical instabilities for globally high-
order methods, it is remarkable to observe that the subcell resolution capability of the new proposed approach,
although not perfect, allows to largely mitigate such mesh-geometry disagreement oscillations, as expected from
operational and robust methods. These neither propagate nor amplify with respect to time, and from our
extensive investigations, they do not affect the global accuracy. Thanks to the PAD, the simulation remains
globally stable and the blending coefficients are automatically adapted to properly handle the presence of the
dry area, as shown in Fig. 10 within a vertical slice of the computational domain through the bump, while
Fig. 11 displays the bathymetry bump/hole locations, together with free-surface elevation, discharge norm,
and a map of blending coefficients mean-values per subcell, in order to clearly observe the PAD activation and
effective corrections. Importantly, this shows that the correction mechanism is only switched-on in the vicinity
of dry areas, as expected, which highlights the robustness and efficiency of the proposed framework in globally
optimizing the preservation the full accuracy of the higher-order underlying DG scheme. Note that in both
cases, we also run the computations for (very) long times of several physical hours without noticing any sensible
error-increasing due to local flux/bathymetry balancing fail.

5.3. Dam-breaks in a channel
In this third test-case, we consider extruded 1D dam-break problems in a channel, inducing a directional
propagation (along the x-direction), but using general unstructured meshes without anisotropy, providing a
(classical) benchmark to evaluate the ability of the numerical methods to handle strong discontinuities or
singularities, together with the preservation of the water-height positivity in the limit cases. We set b(x) = 0
and investigate both the wet/wet and wet/dry situations, described in the following.

On a wet-bed

Simulation parameters.

Computational domain: Ω = [0, 1000] × [0, 200]
Number of cells: nel = 350 cells
Boundary conditions: solid walls

Polynomial degree: k = 4
Time-marching order : p = 3
Final time: tmax = 32 sec

We consider the initial-data

η(x, 0) =
{

10 if x < 500,
7 otherwise, q(x, 0) = 0,

and use a very coarse mesh of only 350 (unstructured) cells, not aligned with the propagation direction, together
with an approximate piecewise-polynomial solution of degree k = 4. We emphasize that considering such a mesh-
size, the sharp variations of the Riemann solution may be entirely located inside one mesh-element (in the lateral
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Figure 10: Well-balancing with dry area − P4 solution on a domain slice (y = 0.7), located on the dry area.
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Figure 11: Well-balancing with dry area − At t = 20 sec, from left to right and top to bottom: topography,
free-surface elevation, discharge norm, and map of blending coefficient means per subcell.
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direction), as show in Figures 12–13 and that even within such a demanding computational configuration, the
numerical method still allows to sharply capture the propagating discontinuity and the rarefaction wave. This
may be clearly observed in Figure 12 with a comparison between exact and numerical solutions on the whole
domain, together with the related map of blending coefficients on the subcells, highlighting the efficiency of this
a priori local corrections, only activated very locally in the vicinity of the solution’s singularities, which is an
optimal behavior generally observed only with a posteriori correction, showing again the practical efficiency of
the relaxed subNAD.
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Figure 12: Dam-break on a wet-bed − At t = 18 sec, from top to bottom: exact elevation, numerical elevation,
and map of blending coefficient means per subcell.

Indeed, the resulting numerical solution is in excellent agreement with the analytical solution, as observed on
Fig.13 where a sliced solution is plotted, with the corresponding subcells values and compared with the exact
solution. We also briefly show on Fig. 14 that (non-stiff) friction source terms may also be straightforwardly
handled in the same way than the bathymetry source term, by further considering an additional Manning
friction term, with γ = 10

7 and several values of the Manning coefficient nf , on the same mesh. Observing
a consistent behavior, we choose not to further (quantitatively) investigate approximations of friction source
terms and leave it for future works as extensions of [9, 25] for asymptotic parabolic regimes.

On a dry-bed

Simulation parameters.

Computational domain: Ω = [0, 1000] × [0, 200]
Number of cells: nel = 350 cells (unstruct.), 240 cells
(struct.)
Boundary conditions: solid walls

Polynomial degree: k = 3
Time-marching order : p = 3
Final time: tmax = 20, 60 sec

23



200 400 600 800
x(m)

7.0

7.5

8.0

8.5

9.0

9.5

10.0

η h
&
η

elevation (ηh)

analytical (η)

200 400 600 800
x(m)

0

2

4

6

8

10

12

14

q x
,h

&
q x

discharge hor. (qx,h)

analytical (qx)

Figure 13: Dam-break on a wet-bed − P4 free-surface elevation and horizontal discharge density profiles at
t = 32 sec.
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Figure 14: Dam-break on a wet-bed with nonlinear friction − P4 free-surface elevation and blending density
profiles at t = 24 sec for nf = 0.5 (left), 2 (center) and 10 (right).
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Now, we set the initial-data as follows:

η(x, 0) =
{

10 if x < 500,
0 otherwise,

q(x, 0) = 0,

resulting in a dam-break on a dry-bed, challenging the robustness of our method, and we show that the local
subcell monolithic DG/FV scheme is able to accurately capture the flow’s dynamic, while maintaining accuracy
and robustness.
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Figure 15: Dam-break on a dry-bed − P3 free-surface and blending map with an unstructured mesh at t = 20
sec.
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Figure 16: Dam-break on a dry-bed − At t = 20 sec, P3 free-surface elevation and blending map on structured
mesh.

Again, we consider our coarse unstructured mesh of 350 cells, together with an approximate piecewise-polynomial
solution of degree k = 3. We emphasize that considering such a large mesh-size, the solution’s singularities (wet-
dry transitions) are again generally located inside mesh elements, exhibiting sub-mesh resolution capabilities
and real efficiency and true robustness for higher-order approximations. We show in Figures 15 the approximate
solution obtained at t = 20 sec. on the whole domain, together with the related map of blending coefficients on
the subcells, assessing the practical efficiency of the PAD. Note that a comparison with the analytical solution
is also shown for a sliced solution in the propagation direction in Figure 17, showing an excellent agreement,
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Figure 17: Dam-break on a dry-bed − Free-surface elevation profile for P3 solution on unstructured (left) and
structured (right) meshes.

emphasizing again the chosen large mesh-size. To investigate the effect of mesh topology, we compare the ap-
proximate results obtained on both structured (240 elements) and unstructured meshes, as shown in Figure 16.
We observe only marginal differences, which confirms that the chosen corrective mechanisms are activated in
similar areas. This demonstrates the robustness and flexibility of the scheme with respect to the mesh choice.
A comparison between the analytical solution and numerical results for both mesh types at t = 20 s is also
presented in Figure 17.

5.4. Circular dam-break

Simulation parameters.

Computational domain: Ω = {x ∈ R2 | x2 + y2 ≤ 102}
Number of cells: nel = 870 cells
Boundary conditions: homogeneous Neumann

Polynomial degree: k = 4
Time-marching order : p = 3
Final time: tmax = 1 sec

In this fourth test-case, we study the dam-break with a radial symmetry, in a circular computational domain,
in order to produce a solution with true two-dimensional features and symmetry (again, the topography is set
to b(x) = 0). Such a circular dam-break problem on a dry bed is a classic yet highly challenging benchmark
for evaluating the robustness and accuracy of numerical schemes. Its complexity stems from several critical
factors which are combined: i) the transition to a dry bed combined to the radial symmetry preservation
(maintaining the circularity of the solution on non-radial grids to assess the scheme’s anisotropy), ii) wave
focusing and singularities: as the depression wave propagates toward the center, the convergence of flow leads
to a geometric focalization. This concentration of energy tests the scheme’s ability to handle high gradients and
sharp transitions without generating spurious oscillations associated to Gibbs phenomenon, iii) shock-capturing
for high-order methods, as the initial discontinuity represents a severe test for high-order methods. In the
following, we show that the proposed scheme clearly resolves the resulting complex and combined 2D wave
patterns.

On a wet-bed

The initial-data is set as follows:

η(x, 0) =
{

1.5 if
√
x2 + y2 < 4,

0.5 otherwise.
, q(x, 0) = 0.

Free-surface elevation and discharge norm respectively computed at some intermediate (left) and final (right)
times are shown in Figure 18, while some one-dimensional sliced profiles obtained along the horizontal and
vertical axes are reported in Figure 19. Compared against a first-order FV baseline on a very fine grid, our
numerical solution preserves excellent radial symmetry throughout the simulation, even on such a coarse un-
structured mesh. The circular front remains perfectly isotropic, with no visible grid-deformation effects or
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’squaring’ of the wave as observed with cartesian meshes. Also, the wave focusing at the center is handled with-
out any spurious oscillations: the peak water height at the moment of convergence is in close agreement with
reference solutions, demonstrating the effectiveness of the proposed method and again, the sub-grid resolution
capabilities.
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Figure 18: Circular dam-break on a wet-bed − P4 free-surface elevation (top) and discharge norm (bottom) at
t = tmax

2 (left) and at t = tmax (right).

On a dry-bed

Now, let consider the case of an initially dry area:

η(x, 0) =
{

1.5 if
√
x2 + y2 < 4,

0 otherwise,
, q(x, 0) = 0.

We show on Figure 20 the free-surface elevation at final time on the computational domain (left), together
with the corresponding colormap of the blending coefficients, automatically adapted to ensure stability. Again,
we observe some very satisfying results, as confirmed on Figure 21 where the free-surface elevation (left) and
related blending coefficients (right) at t = tmax on slice y = 0 are displayed. The scheme demonstrates strict
positivity-preserving properties at the wet/dry interface. No non-physical negative water-depths were observed,
and the wetting-drying front is captured sharply without the need for excessive a priori corrections.
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Figure 19: Circular dam-break on a wet-bed − P4 free-surface elevation at t = tmax on slice y = 0 (resp. x = 0)
and horizontal (resp. vertical) discharge.
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Figure 20: Circular dam-break on a dry-bed − P4 free-surface elevation (left) and blending coefficients (right)
at t = tmax.
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Figure 21: Circular dam-break on a dry-bed − P4 free-surface elevation (left) and blending coefficients (right)
at t = tmax on slice y = 0.

5.5. Carrier-Greenspan solutions
Transient solution

Simulation parameters.

Computational domain: Ω = [−20, 6] × [0, 4]
Number of cells: nel = 1092 cells
Boundary conditions: prescribed Dirichlet (left), homo-
geneous Neumann (right)

Polynomial degree: k = 2
Time-marching order : p = 1
Final time: tmax = 100 sec

In order to combine moving wet-dry contact lines with varying bathymetry, we consider the test-case originally
introduced by Carrier in [13], modeling evolutions of the surface-elevation near the shoreline of a sloping beach,
from an initially depressed and held stationary configuration, before being released at t = 0. This setup generates
a transient wave that moves up the beach and eventually returns to equilibrium through a slow convergence
process. It offers an excellent benchmark to assess the robustness of the monolithic DG/FV scheme when
dealing with long-wave run-up problems.
In [13], an analytical solution to the NSW equations is obtained using a hodograph transformation, introducing
two dimensionless variables, σ∗ and λ∗, which act respectively as space-like and time-like coordinates:

σ∗ = 4c∗, λ∗ = 2 (u∗ + t∗) .

Let l denote the characteristic length and α the beach slope. The dimensionless variables are defined using the
following scaling:

x∗ = x/l, η∗ = η/(αl), u∗ = u/
√

gαl, t∗ = t/
√
l/(αg), (28)

and the non-dimensional phase speed is given by

c∗ =
√
η∗ − x∗. (29)

The initial-data for the solution is specified as:

η∗
0(σ∗) = e

(
1 − 5

2
a3

(a2 + σ∗2)
3
2

+ 3
2

a5

(a2 + σ∗2)
5
2

)
, q∗

0(σ∗, ·) = 0, x∗ = −σ∗2

16 + η∗
0 ,

where a = 3
2 (1 + 0.9e)1/2, and e is a small parameter characterizing the initial surface depression.

In the following, we choose e = 0.1, α = 1/50, the initial free-surface profile is expressed in dimensional form,
with l = 20 m and the analytical variation of the free-surface elevation at the offshore boundary is prescribed as
the inlet boundary condition to drive the motion. The evolution of the free-surface during the transient phase
is displayed in Figure 22. At t = 10 sec, a direct comparison between the analytical and numerical elevations
is shown in Figure 23, while the horizontal discharge profiles and the final elevation profile are illustrated in
Figure 24. The numerical results for the Carrier-Greenspan test case demonstrate the significant advantages of
the high-order local subcell monolithic DG/FV scheme. Even when operating on such a coarse unstructured
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mesh, the scheme accurately captures the non-linear oscillation and the precise movement of the shoreline. The
high-order sub-grid representation within each element compensates for the limited spatial resolution of the
global mesh, preserving the analytical wave profile with minimal dissipation. This performance highlights the
ability of the method to resolve complex run-up and draw-down dynamics on irregular geometries without the
numerical damping typically associated with low-order approximations on similar under-resolved grids.
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Figure 22: Carrier & Greenspan transient solution − Snapshots of P2 free-surface elevation profile on full domain
(left) and zoom on dry-bed (right) for t ∈ [1, 21] sec.

−20 −13.5 −7 −0.5 6
0

1

2

3

4

0.0300

0.0525

0.0750

0.0975

0.1200

−20 −13.5 −7 −0.5 6
0

1

2

3

4

0.0300

0.0525

0.0750

0.0975

0.1200

Figure 23: Carrier & Greenspan transient solution − At t = 10 sec, exact elevation (top) and P2 numerical
elevation (bottom).

Periodic solution

Simulation parameters.

Computational domain: Ω = [−20, 6] × [0, 4]
Number of cells: nel = 1092 cells
Boundary conditions: prescribed Dirichlet (left), homo-
geneous Neumann (right)

Polynomial degree: k = 2
Time-marching order : p = 1
Final time: tmax = 300 sec

This benchmark models the run-up and run-down of a monochromatic wave propagating over a plane beach.
The dimensionless amplitude of the periodic wave is denoted by A∗ and its frequency by ω∗. As the wave moves
toward the shore and reflects back into the sea, it generates a standing wave-pattern over the sloping bottom.
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Figure 24: Carrier & Greenspan transient solution − Snapshots of P2 horizontal discharge density profile for
t ∈ [1, 21] sec (left) and elevation profile at final time (right).

Using the dimensionless variables introduced in (28) and (29), the analytical solution is given by:
u∗ = −A∗J1 (σ∗) sin (λ∗)

σ∗ ,

η∗ = A∗

4 J0 (σ∗) cos (λ∗) − u∗2

4 ,

t∗ = 1
2λ

∗ − u∗ and x∗ = η∗ − σ∗2

16 ,

where J0 and J1 denote the Bessel functions of the first kind of order zero and one, respectively. We set
A∗ = 0.6 and ω∗ = 1, corresponding to a non-breaking wave, with a reference length l = 20 m and a beach
slope of α = 1/30. The solution at t = 0 is used as the initial-data, and, similarly to the previous transient
case, the analytic solution at the offshore boundary is prescribed as the inlet boundary condition, driving the
motion. For a detailed description, we refer again to [13]. The simulation is carried out up to tmax = 1.5T ,
where T is the period of the external forcing. The spatio-temporal evolution of the free-surface is illustrated
in Figure 25. The quality of the results is once again clear, showing an excellent agreement with the expected

−0.8 −0.6 −0.4 −0.2 0.0 0.2
x∗ (m)

−0.20

−0.15

−0.10

−0.05

0.00

0.05

0.10

0.15

η
∗

numerical (ηh)

analytical (η)

topography (bh)

−0.8 −0.6 −0.4 −0.2 0.0 0.2
x∗ (m)

−0.20

−0.15

−0.10

−0.05

0.00

0.05

0.10

0.15

η
∗

numerical (ηh)

analytical (η)

topography (bh)

Figure 25: Carrier & Greenspan periodic solution − Snapshots of P2 free-surface elevation profile for t ∈ [80, 86]
sec (left) and for t ∈ [154, 160] sec (right).

wave run-up and run-down patterns. The local subcell monolithic DG/FV scheme approximation effectively
resolves the non-linear transformation of the wave profile as it approaches the shore, maintaining a sharp
and oscillation-free representation of the moving boundary. Even throughout multiple oscillation cycles, the
numerical solution shows no sign of amplitude decay or phase shift, confirming the low-dissipative nature of
the high-order scheme. This highlights the robustness of the wet/dry front treatment in capturing the periodic
shoreline migration over the sloping beach. Notably, these results are achieved using a very coarse and non-
matching mesh, reflecting the demanding conditions typically encountered in operational engineering contexts.
The ability of the scheme to maintain high fidelity under such under-resolved constraints further underscores its
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suitability for practical large-scale applications. As a first step towards such applications, we investigate some
more demanding test-cases in the remainder of this section.

5.6. Wave-island interactions
Single-wave on a conical island

Simulation parameters.

Computational domain: Ω = [0, 25] × [0, 30]
Number of cells: nel = 13500, 6000, 3150 cells
Boundary conditions: solid walls (top and bottom), in-
flow (left) and Neumann (right)

Polynomial degree: k = 1, 2, 3
Time-marching order : p = 3
Final time: tmax = 10 sec
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Figure 26: Single-wave on a conical island - Experimental setup : computational domain with island geometry
and gauge locations.

In this subsection, we investigate a test case directly inspired by the experimental setup of Liu et al. [49]. It
consists of a solitary wave propagating and running up over an idealized conical island within a rectangular
basin. The wave possesses sufficient initial amplitude and energy to produce significant run-up on both the
front and lee sides of the island. Consequently, this test case evaluates the robustness of the numerical method
under challenging and physically realistic conditions.
Experimental data are available from a series of gauges distributed around the island. In the laboratory
experiments, the solitary wave shoals and breaks on the front slope, with the peak impact recorded at gauge 9
(t ≈ 5.6 s). The wave energy is subsequently partitioned and refracted around the island, leading to a secondary
run-up on the rear side at gauge 16 (t ≈ 9.7 s), while a circular reflected front propagates away from the obstacle.
Subsequent wave splitting and backwash processes generate secondary oscillations, particularly in the sheltered
region behind the island. These phenomena have been numerically reproduced in numerous studies and serve
as a standard benchmark for model validation.
Following the original experimental description, the island bathymetry b(r) is modeled as:

b(r) =

max
(
0.625, 0.9 − r

4
)
, r < 3.6,

0, otherwise,
(30)

where r denotes the radial distance from the center of the island. The quiescent water depth is set to h0 = 0.32.
The incident wave is generated via a time-dependent boundary condition:

h(t) = h0 + αh0 sech2
(√

gh0

L
χt

)
,

χ =
√

3α
4β (1 + α), β =

(
h0

L

)2
, L = 15, α = 0.3,

(31)
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although there is no consensus concerning this standard solitary wave forcing. A schematic of the computational
setup and gauge locations is provided in Figure 26, while the comparison between numerical results and exper-
imental data is presented in Figure 27. In the present study, we perform simulations using polynomial orders
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Figure 27: Single-wave on a conical island - Numerical/experimental comparisons of the time-series of the
surface-elevation at the different gauges for t ∈ [2, 10] sec.

P1 (13,500 cells), P2 (6,000 cells), and P3 (3,150 cells). The resulting free-surface elevations are compared with
experimental time-series at selected gauges, as shown in Figure 27. The good agreement between numerical
results and experimental data confirms the ability of the solver to capture the primary features of the wave–
island interaction. This includes the breaking-induced run-up on the front slope and the delayed response at
the rear gauges, demonstrating that the contact-line velocity around the island is accurately estimated. While
higher-order schemes notably improve both phase and amplitude accuracy, some discrepancies persist in the
backwash oscillations. These differences are classically attributed to dispersive effects, which are not accounted
for in the hyperbolic Nonlinear shallow-water (NSW) equations.
We emphasize that to maintain a consistent computational resolution, the mesh resolution is adjusted such that
the total number of degrees of freedom remains within the same order of magnitude as the polynomial degree
increases. Despite a slight reduction in the actual number of DOFs for higher orders, the P3 scheme yields the
most accurate results. We observe a particularly significant improvement when moving from P1 to P2, while
the gain between P2 and P3 is more incremental, but entails a substantial reduction in the number of mesh
elements.

It is worth noting that these results are obtained on meshes significantly coarser than those typically reported in
the literature, where simulations often involve one to two orders of magnitude more elements. Even without local
mesh refinement around the island or in the vicinity of the gauges, the present method successfully reproduces
the primary wave characteristics observed in the experiments. This highlights the ability of high-order schemes
to provide accurate and robust solutions on relatively modest computational grids, while suggesting that further
improvements could be achieved with local refinement.
In particular, an artificial viscosity coefficient could be introduced, as is common practice in industrial codes.
Furthermore, adopting a dispersive model would likely better capture the complex wave interactions, especially
in the sheltered region behind the island. However, the objective here was primarily to evaluate the scheme
in a standard, “ready-to-use” form. Finally, it should be noted that, to the authors’ knowledge, a definitive
consensus on the optimal setup for this benchmark has yet to be established—and this study does not claim to
provide one.
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Figure 28: Tidal-wave overtopping the conical island − Snapshots of P2 free-surface elevation on slice y = 12.5
for t ∈ [0, 12] sec.
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Tidal-wave overtopping the conical island

Simulation parameters.

Computational domain: Ω = [0, 30] × [0, 25]
Number of cells: nel = 3790 cells
Boundary conditions: solid walls (top and bottom),
Dirichlet (left and right)

Polynomial degree: k = 2
Time-marching order : p = 3
Final time: tmax = 12 sec

To conclude this subsection on wave–structure interactions, we quantitatively investigate the effect of a higher
wave amplitude by reproducing the configuration recently proposed in [35]. Unlike the previous benchmark, this
case features a traveling wave with sufficient initial amplitude and energy to fully overtop the island, thereby
demonstrating the robustness of the method under even more dynamic and challenging conditions. We briefly
recall the specific parameters for this setup, which involves slight modifications from the previous case, with the
bottom topography defined as:

b(x) := min
(
Htop,

(
Hcone − r(x)

scone

)
+

)
, where r(x) :=

√
(x− 15)2 + (y − 12.5)2.

Here, Htop = 0.625, Hcone = 0.9, and scone = 4 (all dimensions in meters). The initial-data is chosen to model a
solitary wave approaching the island from the left. The initial water-height and horizontal velocity are defined
as:

H(x, 0) :=

H0 + A

cosh2
(√

3A
4H3

0
(x− xs)

) − b(x)


+

,

u(x, 0) := A

cosh2
(√

3A
4H3

0
(x− xs)

)√ g

H0
,

with the parameters h0 = 0.32, A = 2.5h0, and xs = 2.04. The initial momentum is subsequently defined as
q(x, 0) = (u(x, 0)h(x, 0), 0)⊤. The time evolution of the free-surface elevation along the horizontal cross-section
at y = 12.5 is presented in Figure 28. A complementary view of the two-dimensional free-surface elevation and
the corresponding blending maps at various stages of the simulation is provided in Figure 29. For this final
test case, we emphasize that only 3, 700 mesh elements are employed. This clearly demonstrates the ability of
the proposed method to ensure both accuracy and robustness on very coarse meshes, highlighting its suitability
for operational purposes, where bathymetry and computational grids are often constrained by low-resolution
experimental measurements.

6. Conclusion
In this work, we have developed a high-order monolithic DG/FV framework for the two-dimensional nonlinear
shallow-water equations on unstructured meshes. The core of the method lies in a subcell sub-partitioning that
allows for a unified interpretation of the DG discretization. By employing convex blended fluxes, the scheme
ensures key admissibility properties at the discrete level, with particular emphasis on positivity-preservation
and well-balanced source term treatment for the preservation of motionless steady states.
The numerical results clearly demonstrate the effectiveness of this approach across a range of scenarios, including
challenging test cases with wet/dry interfaces and complex bathymetries. The strategy successfully suppresses
spurious oscillations while maintaining high-order accuracy in smooth regions, offering a compelling compromise
between robustness and precision, even on relatively coarse grids, as expected for operational purpose.
Future research will focus on coupling this framework with two-dimensional floating-structure models. Ad-
ditionally, we plan to extend the method to an Arbitrary Lagrangian-Eulerian (ALE) framework to handle
moving meshes, a critical requirement for coastal engineering and complex wave–structure interactions. We
anticipate that the present method will serve as a robust and accurate foundation for addressing these advanced
computational challenges.
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Figure 29: Tidal-wave overtopping the conical island − Snapshots of P2 free-surface elevation (1st and 3rd line)
and their corresponding blending map (2nd and 4th line) for t ∈ [1, 12] sec.
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Appendix A: proof of Lemma
Proof. Noticing that numerical flux term

∑
Sv

p ∈Vc
m

∫
Γc

mp

F̂n ds =
∑

Sv
p ∈Vc

m

∫
Γc

mp

Fc
h · nmp ds−

#Fc∑
k=1

∫
Γc

cv(k)

(
Fc

h · ncv(k) − F∗
cv(k)

)
ψ̃c

m ds,

can be equivalently written as∫
∂Sc

m

F̂n ds =
∫

∂Sc
m

Fc
h · nmp ds−

∫
∂ωc

(
Fc

h · n∂ωc
− F∗,DG

∂ωc

)
ψ̃c

m ds, (32)

we directly get ∫
∂Sc

m\∂ωc

F̂n ds =
∫

∂Sc
m\∂ωc

Fc
h · nmp ds−

∫
∂ωc

(
Fc

h · n∂ωc
− F∗,DG

∂ωc

)
ψ̂c

m ds, (33)

where ψ̂c
m is defined above. We now use a face integrated value of the high-order DG reconstructed flux. Indeed,

for a face Γc
mp, let F̂mp be defined as: ∫

Γc
mp

F̂n ds = εc
mpF̂mp,

and, similarly, let Fmp be the face integrated value of the polynomial interior flux∫
Γc

mp

Fc
h · nmp ds = εc

mpFmp.

Now, considering the vectors Fc ∈ Rnc
f and F̂c ∈ Rnc

f defined earlier gets us to the following:

AcF̂c = AcFc − ∂Fc.

Remarking that Ac is not necessarily a square matrix and kerAc ̸= 0, we make use of the graph Laplacian
technique employed in [76], allowing us to solve such system and express explicitly the reconstructed flux F̂c

through the interior flux and a boundary correction term. We get the following inverse of Lc on the orthogonal
of its kernel:

L−1
c = (Lc + λΠ)−1 − 1

λ
Π,

for any λ ̸= 0, with Π = 1
Ns

(1 ⊗ 1) ∈ MNk
(R). The reconstructed flux then writes as:

F̂c = Fc −A⊤
c L

−1
c ∂Fc.

□
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