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About the thesis title

High-order numerical methods
for shallow-water flows on unstructured meshes:
moving boundaries and wave-structure interactions

High-order numerical methods: accurate and robust discretizations for
complex time-dependent PDEs,

Shallow-water flows: depth-averaged models describing free-surface wave
propagation,

Unstructured meshes: flexible spatial discretizations adapted to complex
geometries,

Moving boundaries: Arbitrary Lagrangian—Eulerian techniques for moving
computational domains,

Wave-structure interactions: coupled dynamics between shallow-water
waves and floating rigid bodies.
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Why are we interested in wave—structure interactions?

Wave—structure interactions arise in many applications where waves interact
with floating or partially immersed structures.

» Offshore engineering: wave energy converters, floating platforms, coastal
protection devices,

» Nonlinear wave dynamics: understanding how waves propagate under
geometric constraints and transmission conditions,

» Predictive simulation tools: deriving models and numerical methods able
to describe complex configurations while remaining efficient.

Figure: Wave energy converters: Triton by Oscilla Power (left) and Eco Wave Power array (right).
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Why is this non-trivial?

Even in simplified shallow-water regimes, wave—structure interactions lead to
coupled systems with several mathematical and numerical difficulties.

» Strong nonlinear coupling: the fluid and the structure influence each
other through pressure, fluxes, and interface conditions,

» Geometric constraints: immersed or floating structures introduce
constrained regions, moving interfaces, and transmission conditions,

» Analytical issues: the well-posedness and stability of the resulting
formulations may strongly depend on the chosen coupling strategy,

» Numerical issues: robust schemes must preserve the relevant structure of
the model while handling nonlinear waves, source terms, and constraints.

Q In the following, we will focus on mathematically well-posed models rather
than purely engineering-oriented ones, as we are concerned mainly with the
mathematical and numerical challenges of the coupling.
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A first-order nonlinear hyperbolic system for shallow-water flows

Nonlinear shallow-water (NSW) equations

Let  C R? be an open domain. We consider the following system:
8,577 + Vm +q = 0,
O+ Ve (v q+ 2= 20)Iz) = ~gnVab.
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Let  C R? be an open domain. We consider the following system:
87577 + Ve q=0,
8iq+ Vo (u® g+ 2l (n—2W)L) = —gnVab.
>b:Q3x—b(x) ER Topography
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A first-order nonlinear hyperbolic system for shallow-water flows

Nonlinear shallow-water (NSW) equations

Let  C R? be an open domain. We consider the following system:
8,577 + Vm +q = 0,
O+ Ve (v q+ 2= 20)Iz) = ~gnVab.

>b:Q>5xz—bx)eR Topography
> v:Qx(0,T)3 (z,t) = (n(z,t),q(z,t) € H,; State vector
» #,F={(nq) eR*| H:=n—b>0} Admissibility set
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A first-order nonlinear hyperbolic system for shallow-water flows

Nonlinear shallow-water (NSW) equations

Let Q C R? be an open domain. We consider the following system:
3,577 -+ Vm +q = 0,
0ia+ Vs (u®q+El(n—2W)L) = —gnVeb.

>b:Q>5xz—bx)eR Topography
> v:Qx(0,T)3 (z,t) = (n(z,t),q(z,t) € H,; State vector
» #,F={(nq) eR*| H:=n—b>0} Admissibility set
> F: %, xR> (v,b) — (q, u®q+ & (n—2b))" Flux tensor
» B[ : %, > v (0, —gnVzb)" Topography source term

Model assumptions

» It is valid in the shallow-water regime — vertical var. are negligible,

» But it does not account for dispersive effects unlike Boussinesq and
Serre-Green-Naghdi models.
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— Classical numerical methods for hyperbolic systems 6/34

Two main methods are widely used for hyperbolic systems: Finite Volume
(FV) and Discontinuous Galerkin (DG). Our method should ideally combine:

DG

DG:

DG:

DG:

DG:
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Adaptable to source terms

: high-order integration v FV: local treatment v
Well-balanced
specific treatment & FV: specific treatment &
High-order accurate
naturally high-order « FV: reconstruction required
Positivity-preserving
not inherently positive % FV: invariant-domain scheme v
Shock-capturing
Gibbs phenomena P FV: naturally robust v
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— High-order robust subcell monolithic DG/FV schemes
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A High-order schemes need stabilization to prevent non-physical oscillations
near discontinuities and ensure the robustness of the method.
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Figure: Dam-break test-case: P° pure DG elevation (left) and monolithic DG/FV subcell elevation (right).
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Stabilization principle

A High-order schemes need stabilization to prevent non-physical oscillations
near discontinuities and ensure the robustness of the method.

» Classical stabilization: apply limiters/a posteriori correction on the full cell
— risks discarding a mostly accurate solution due to a local failure

A A
cellwise
limiting /, \\
A A
~ ~
We—1 We We41 We—1 We We41

@ numerical solution = == = analytical solution

m%‘mﬁl(ﬁ IMAG High-order numerical methods for shallow-water flows: moving boundaries and wave-structure interactions Sacha Cardonna



A new high-order k for shall it ics — High-order robust subcell monolithic DG/FV schemes 7/34

Stabilization principle

A High-order schemes need stabilization to prevent non-physical oscillations
near discontinuities and ensure the robustness of the method.

» Classical stabilization: apply limiters/a posteriori correction on the full cell
— risks discarding a mostly accurate solution due to a local failure

» Subcell approach: divide each cell into subcells to reduce the correction
scale — enabling a surgical correction to fix only what's necessary

A A
subcell -
limiting
A A
Ll >
We—1 We We41 We—1 We We41
@ numerical solution = == = analytical solution
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Stabilization principle

A High-order schemes need stabilization to prevent non-physical oscillations
near discontinuities and ensure the robustness of the method.

» Classical stabilization: apply limiters/a posteriori correction on the full cell
— risks discarding a mostly accurate solution due to a local failure

» Subcell approach: divide each cell into subcells to reduce the correction
scale — enabling a surgical correction to fix only what's necessary

Some pioneering references for subcell schemes

Bi M. Dumbser & R. Loubére, A simple robust and accurate a posteriori
subcell finite volume limiter for the discontinuous Galerkin method on unstruc-
tured meshes. J. Comp. Phys., 2016.

B F. Vilar, A Posteriori Correction of High-Order Discontinuous Galerkin
Scheme through Subcell Finite Volume Formulation and Flux Reconstruction.
J. Comp. Phys., 2018.

Bi A. Rueda-Ramirez, B. Bolm, D. Kuzmin & G. Gassner, Monolithic
convex limiting for Legendre-Gauss-Lobatto Discontinuous Galerkin Spectral-
Element methods. Commun. Appl. Math., 2024.

@m{m{l‘n IMAG High-order numerical methods for shallow-water flows: moving boundaries and wave-structure interactions Sacha Cardonna



A new high-order k for shall it ics — High-order robust subcell monolithic DG/FV schemes 8/34

A classical mesh ...

0.5 1

0.25

Figure: Unstructured simplicial mesh with ne = 350 cells.
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Figure: Unstructured simplicial mesh P3 subdivision onto triangles with ne = 350 cells.
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15 step: reformulation of DG

How to get the best of both worlds between precision and robustness

» DG is high-order accurate but may oscillate near discontinuities,
» FV is robust (in particular positivity-friendly) but low-order,
— Two complementary methods that can’t live on the same framework...
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15 step: reformulation of DG

How to get the best of both worlds between precision and robustness

» DG is high-order accurate but may oscillate near discontinuities,
» FV is robust (in particular positivity-friendly) but low-order,
— Two complementary methods that can’t live on the same framework...

@ Reformulating DG as a FV-like subcell scheme, we will then be able to
blend these two approaches in a single framework!
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15 step: reformulation of DG

How to get the best of both worlds between precision and robustness

» DG is high-order accurate but may oscillate near discontinuities,

» FV is robust (in particular positivity-friendly) but low-order,
— Two complementary methods that can’t live on the same framework...

@ Reformulating DG as a FV-like subcell scheme, we will then be able to
blend these two approaches in a single framework!

Key ingredient: subcell viewpoint

Considering v}, the DG numerical solution on each cell w, C €, we build a
sub-partition {S}, },,2, = {5, 55,...,S%.} and track subcell averages

1

18l s,

v (x,t) de

B F. Vilar, Local subcell monolithic DG/FV convex property preserving scheme
on unstructured grids and entropy consideration. JCP, 2025.

B S.C., F. Marche & F. Vilar, A high-order robust subcell monolithic DG/FV
formulation for NSW equations on unstructured grids. JCP (rev.), 2026.
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Submean values and polynomial moments

Tie} p———————+— it}

I~y I~y

. ~1 .
50 T i i .. ~1
X 3 _1 1 T
i 2 2 m+y k+3

Figure: Piecewise polynomial function 'u}1 and associated sub-mean-values (1D case).
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27d step: limiting through flux blending

Blended numerical flux
On each subface Iy, | of each subcell S, € {SC}

21, we combine two fluxes:
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27d step: limiting through flux blending

Blended numerical flux

On each subface Iy, | of each subcell S, € {SC} we combine two fluxes:

j=1r

» A high-order reconstructed DG flux IFmp, precise but oscillatory,

B (Fmo 1)

F mp
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27d step: limiting through flux blending

Blended numerical flux

On each subface Iy, | of each subcell S, € {SC} we combine two fluxes:

j=1r
» A high-order reconstructed DG flux IFmp, precise but oscillatory,
> A first-order domain-invariant FV flux IF*"Y very robust but less accurate,

mp !
AT *,FV Y
Fpp = Fi (V0 = F)
wC
1 *,FV
IF'm/p IFmp
(&
(6 Sp
St
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27d step: limiting through flux blending

Blended numerical flux

On each subface I'y, | of each subcell S, € {S]C}j\’;1 we combine two fluxes:

» A high-order reconstructed DG flux IAFmp, precise but oscillatory,

» A first-order domain-invariant FV flux IE‘:;;V, very robust but less accurate,

ﬁ‘mp — I 4 E (ﬁmp — ]F:;va)

A The blending coefficient ©,,, € [0,1] is:
» Computed a priori on each Iy, , at each time step (or RK stage),

» Uniquely defined, i.e. ©,,, = Opn,, for all S} € Neigh(Sy,).
— Ensures a discrete maximum principle and water height positivity!
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Flux blending and fully-discrete scheme

Blended numerical flux

On each subface I'},,, of each subcell Sy, € {5 jvzl we combine two fluxes:

» A high-order reconstructed DG flux ﬁmp, precise but oscillatory,
» A first-order domain-invariant FV flux ]F;*,’l;", very robust but less accurate,

Fonp = + Oy (mep ) =Fpp
=1l

A The blending coefficient ©,,, € [0,1] is:

(6]
mp?’

» Uniquely defined, i.e. ©,,, = Opp, for all S} € Neigh(Sy,).
— Ensures a discrete maximum principle and water height positivity!

» Computed a priori on each T’ at each time step (or RK stage),
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Flux blending and fully-discrete scheme

Blended numerical flux

On each subface I'},,, of each subcell Sy, € {5 jvzl we combine two fluxes:

» A high-order reconstructed DG flux ﬁmp, precise but oscillatory,
» A first-order domain-invariant FV flux ]F;*,’l;", very robust but less accurate,

]Fmp = ]F;;’;V 4 @mp = ]F;’L;V
N——

=0

A The blending coefficient ©,,, € [0,1] is:

(6]
mp?’

» Uniquely defined, i.e. ©,,, = Opp, for all S} € Neigh(Sy,).
— Ensures a discrete maximum principle and water height positivity!

» Computed a priori on each T’ at each time step (or RK stage),
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Flux blending and fully-discrete scheme

Blended numerical flux

On each subface I'},,, of each subcell Sy, € {5 jvzl we combine two fluxes:

» A high-order reconstructed DG flux ﬁmp, precise but oscillatory,
» A first-order domain-invariant FV flux ]F;*,’l;", very robust but less accurate,

Frp = 5 + Oy (ﬁm,, - ]Fj,;;v>

A The blending coefficient ©,,, € [0,1] is:

(&
mp’

» Uniquely defined, i.e. ©,,, = Opp, for all S} € Neigh(Sy,).
— Ensures a discrete maximum principle and water height positivity!

» Computed a priori on each T’ at each time step (or RK stage),
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A new high-ord k for shall

Flux blending and fully-discrete scheme
Blended numerical flux
On each subface I'},,, of each subcell Sy, € {5 jvzl we combine two fluxes:

» A high-order reconstructed DG flux ﬁmp, precise but oscillatory,
» A first-order domain-invariant FV flux ]F;*,’l;", very robust but less accurate,

Frnp = Fsiy + Ormp (Fimp — i)

A The blending coefficient ©,,, € [0,1] is:

» Computed a priori on each I}, , at each time step (or RK stage),

» Uniquely defined, i.e. ©,,, = Opp, for all S} € Neigh(Sy,).
— Ensures a discrete maximum principle and water height positivity!
— Tuning these numerical fluxes also allows to preserve the well-balancing!

High-order numerical methods for shallow-water flows: moving boundaries and wave-structure interactions Sacha Cardonna
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Flux blending and fully-discrete scheme

Blended numerical flux

On each subface I'},,, of each subcell S, € {SC

=1, we combine two fluxes:
» A high-order reconstructed DG flux ]Fmp, precise but oscillatory,

» A first-order domain-invariant FV flux ]F;*,’l;", very robust but less accurate,

Frp = B + O (ﬁmp - ]F:;;V)

A The blending coefficient ©,,, € [0,1] is:
» Computed a priori on each I}, , at each time step (or RK stage),
» Uniquely defined, i.e. ©,,, = Opp, for all S} € Neigh(Sy,).

— Ensures a discrete maximum principle and water height positivity!
— Tuning these numerical fluxes also allows to preserve the well-balancing!

Monolithic DG/FV subcell scheme with forward Euler time integration

n
ot = pon _ S > e Fop + o B | B;’” de
SveNeigh(Sg,)
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new high-order k for shall it ics — High-order robust subcell monolithic DG/FV schemes

Generalization to algebraic/geometric source terms

Topography and (nonlinear) friction effects

| S[t](v) := B[b)(v) + R[b](v) |

© Handled the same way as previously — easily generalizable

» B[b)(v) = (0, —gnVzb) " Topography source term
2 T q .
(0,-k7q) , k>0 Linear friction law
» R[b](v) = T
[b](v) (07 —nfc (7;1!—(15@7) y g,y >0 Manning friction law

12/34
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Generalization to algebraic/geometric source terms

Topography and (nonlinear) friction effects

| S[tl(v) == BJb|(v) + R[b](v) |

» B[b)(v) = (0, —gnVzb) " Topography source term
2 T q i
(0,-k7q) , k>0 Linear friction law
» R[b](v) = T
[b](v) (0, —nfc (7;1!—(11)@7) y g,y >0 Manning friction law

© Handled the same way as previously — easily generalizable

Applications to Serre-Green—-Naghdi (SGN) dispersive equations

Reformulation: Elliptic problem + NSW with dispersive source term
1. Elliptic problem solved independently, using a finite element method,

2. Resulting dispersive source term discretized within the NSW framework.
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Some numerical results on unstructured meshes with analytical solutions

10.0 o clevation () 0.15
analytical (1)
0.10]
9.5
0.05]
9.0
= 0.00]
5 =
—0.05]
8.0]
—0.10]
7 1 ()
i 015 — i)
ol opography (bx)
200 100 600 800 0.2 0.8 0.6 0.4 0.2 0.0 0.2
x(m) #* (m)
P® dam-break on a wet bed with nel = 350 cells. P2 Carrier—Greenspan periodic sol. with ng = 1092 cells.
10 o elevation (1)
analytical (1) 0.06
0.04
6
0.02
4
0.00
2 ~0.02
‘sumerical (1)
— onalytcal ()
o oot topogzaphy ()
200 100 600 800 —4 -3 -2 -1 0 1 2 3
x(m) z (m)
P3 dam-break on a dry bed with ng = 350 cells. P2 Carrier—Greenspan transient sol. with ng = 1092 cells.
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Wave interaction with an island

» Domain: Q = [5,25] x [0,30] Degree: k =6 Mesh: ny = 584
» Goal: assessing robustness and correct shock-capturing in challenging case

Figure: Unstructured simplicial mesh P® subdivision onto triangles with ng = 584 cells — simulation N°1.
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Table of contents

2. A new high-order framework for shallow-water asymptotics

Arbitrary Lagrangian—Eulerian formulation

Slides available online at sachacardonna.github.io
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What is a direct Arbitrary Lagrangian—Eulerian scheme?

& 2(0)

fac x

00)5€z=a(€) Q)| w(a,t)= (£ 1),

— Updated at each RK step with no topological change.
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Monolithic DG/FV scheme on moving meshes

Between Eulerian and Lagrangian descriptions

» Eulerian: w9 = 0 — fixed and geometrically robust mesh,

» Lagrangian: w9 = u — the mesh follows the fluid but may distort,
» ALE: w/Y is chosen independently — motion where needed.
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Monolithic DG/FV scheme on moving meshes

Between Eulerian and Lagrangian descriptions

» Eulerian: w9 = 0 — fixed and geometrically robust mesh,
» Lagrangian: w9 = u — the mesh follows the fluid but may distort,
» ALE: w/Y is chosen independently — motion where needed.

The physical flux becomes an ALE flux

G(v,b,w?) =F(v,b) —v@w?, oaLE = |(u —w?)-n|++/gH.
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Monolithic DG/FV scheme on moving meshes

Between Eulerian and Lagrangian descriptions

» Eulerian: w9 = 0 — fixed and geometrically robust mesh,
» Lagrangian: w9 = u — the mesh follows the fluid but may distort,
» ALE: w/Y is chosen independently — motion where needed.

The physical flux becomes an ALE flux

G(v,b,w?) =F(v,b) —v@w?, oaLE = |(u —w?)-n|++/gH.

The same local subcell blending mechanism

We still combine high-order DG-ALE flux with a first-order FV-ALE flux
— Everything (almost) works the same way as in the Eulerian case!
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Monolithic DG/FV scheme on moving meshes

Between Eulerian and Lagrangian descriptions

» Eulerian: w9 = 0 — fixed and geometrically robust mesh,
» Lagrangian: w9 = u — the mesh follows the fluid but may distort,
» ALE: w9 is chosen independently — motion where needed.

The physical flux becomes an ALE flux

G(v,b,w?) =F(v,b) —v@w?, oaLE = |(u —w?)-n|++/gH.

The same local subcell blending mechanism

We still combine high-order DG-ALE flux with a first-order FV-ALE flux
— Everything (almost) works the same way as in the Eulerian case!

Monolithic DG/FV-ALE subcell scheme with forward Euler time integration

|Sc n+1|—c 0= |

—A N TR G + A" B
Sy " €Neigh(Sg,)
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Extending a boundary motion to the whole mesh

An elliptic problem for the mesh motion

If one wants to move the mesh according to a prescribed motion of the boundary
Omov(t), one can solve an elliptic problem to extend this motion smoothly
to the whole domain €(t) to preserve mesh quality:

—Vz - Qu(xz)e(wI) + A(z) (Ve - w9)I;) =0 in Q(¢),
e(w?) =3 (Vowd + (Vow)") in Q(t),
wI =0 on eyt and WI = 0iTmov(t) on oy (t).

— Elasticity-like deformation is better suited for large deformations than a
simple Laplace problem.
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Extending a boundary motion to the whole mesh

An elliptic problem for the mesh motion

If one wants to move the mesh according to a prescribed motion of the boundary
Omov(t), one can solve an elliptic problem to extend this motion smoothly
to the whole domain €(t) to preserve mesh quality:

—Vz - Qu(xz)e(wI) + A(z) (Ve - w9)I;) =0 in Q(¢),
e(w?) =3 (Vowd + (Vow)") in Q(t),
wI =0 on eyt and WI = 0iTmov(t) on oy (t).

— Elasticity-like deformation is better suited for large deformations than a
simple Laplace problem.

Finite element discretization

The mesh velocity w9 is computed at each vertex of the mesh, so we use
a vector-valued continuous P! finite element method. We seek wi S

PL(Q(t)) such that for all z;, € PY(Q(¢)):

/ 2u(x)e(wy) : e(zp) de —l—/ M) (Ve - wi) (Vg - z5) de = 0.
Q(t) Q(t)
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A new high-order

()

k for shall 't

— Arbitrary Lagrangian—Eulerian formulation

Some simulations with moving boundaries

UNIVERSITE
MONTPELLIER

e
ARREK
RESED
DERIOING

SRR

s
X

XK

%0
Kl

o8]
KK
2
o2

SO

KA

g

o
)

ay

%
)

%
SaA g
0

AV X

5
5

X
%
7

D
KK
KRN

K
S

A

4
VoA
&5
xRS
KOS
X
A0
A0
v
vy
KRRX

A

RS
PRI
e

KON
K
5

S IS
AR
KRRY

AVSAY

Figu

IMAG

A SIS
AVl
=y

X
SR

0

AVTAVAVAVAAVAVAA VA VAV)!

V%ggmﬂggpvm')‘;ﬂ'ﬂIAVA'AVIAV

Ay

N
K

7

N

AV A AV AVATAVA VAV 4 T AVATAVATAVAVAVAYA
KRR
R AN A
SAERAEIIA AR
KRNSO A
VRS s v,
ﬂ#ﬂ y;ubﬂ 47"%:;; o
e
¥ SRR
PERLR
S

SRS
R
X
RKE
AN
Vi
N
SIVA
XK
Wy,

<
o
AVAY
/\

5

AVaVa?
Y

X!
%
U

KRS
R
S
s
S
N
N
s
2

5
XES
YAYAV,»
0
X

K]

X

X
R

X
0
o

X

K7

s
o
5

N

QNS
R
5K
X
KOOk

3
RO 06
SO

d
LK
N V)

U

SRR
SIS
OSSRy

ST

X

i
P

BRI

50

OORIRERER
RIS
SRR
A VAT SYAVAN vy
RDORRRRIAKRRZRRKT

XX
2

S

i

X
x|

AVAYAVATAVAVA

X
N

N
2

S
VY

R

NN,
VAN

5
Y

KRS
SRR
N

X
\V4
K
£
X
AVA

N

AV
Rnay

A

RS
<IN
S

ohcn
AT,

XX
o,

’A

u

1202

4
74\
2
S

X
N
R
av:
255

S
S,
X
St
X
o

AVA‘
KRR

o
A%

P
%

2N
X7
&K

e

X

R

ZATAN
)

% A

R
Sy
P

o

X
4
T

i

00

ST
KRR
%

<K

55
"
s

KA
s
KON
R
AR

S

i
0
D
I
LK
N
5%
-
X

AR AV I %
RIS
D3P AVAVAVAVM A VAVaTAVA VoAV T vl

B

0

5
STAVS
L
K

5
X7

3
5
a
%
&

vava

5
K3
P
A
SR
BRI
X

s 3
S R RIAKINCA
RSB k]
BRSNS
AR IAAAK
BRI KA
(R0
e

S0

o

7

RS RIS SEOR]
PRI ARIK R
B RREERR]
DDRRRKIRREA]

ERRSERARS
Wiy

TAVAAY;
2

rAVaY,

RIERRRS
R

GRS

SEAE
ESs
SE

N
DK
SRR
5
'4
K
A

S8
N

£5

AVAYy

L STALS ASLTAVLYL
RS SR SRS
AVAVA TV iTAVAVAVAVAS Y}

SRRRAL

5
X
i

X
WS

Vs
RRRK]

&d
0

Ay

£
oK

K
0%

K]

.

RK

=

<

x
5
S
s

s

- AR

o)
AVAYA) AV.YAY

re: Snapshots of an oscillating cyli

High-order numerical methods for shallow-water

o

R

X

S
XK

VVAYAV 7
QYN

PORKRX
AR
SRR
PRI
SRR

AVAVAYAY)
PB4

o

RS
EA%
2

6

o

%

KK
0,

ATATA

SSGL

7
KR

R
N

o
v;
N
S
3

3
05

&

S

WSS,
K

)
e
N
RS E

e

5 RS,
o ZRNKE SNAVAY. VAV VA VLTAVAY.

T
0]

%

AR
5

7D
2
N
KR

&
DO
RS
X
e

<
iV

<
X
17
0
D
A

PAYAY,,

5
5

SR
ORX
o
K
i’y

2
B
g

gt

It
N
4
s
o
KT
£et
KR
X
KT

Avavy
2
5]
NEAX

A
s

5
o

5

]

5
%
XN
53
L

X

KA
PROXK]
St
N AR
RS ORO00E
K e
RO
ot
SRSET
S
PR
KB
g

ROE
o,
KX
W
YAV
K

AT
O
5

RS
A

s

5
2
%
s,

,
b
ok
%)

5
=8
R

&
5

PRRBS! xpo
eSS A
S s
A TAA AT VRTAY. . g
S AVAVATAVLATAVAYAY PANIARKI

oA
PO
S

NS YAV
RRERELR

X

4

AVATaVA

N
5

sars
DGR
ORISR
RRSER]
KA

5
4
X7
R
A
Y

::AVA' R
K]
ARk
&
i
o
"AVAY:
ORk
ReED

RN
K

*

x
DRBADN

ey

S
Vo

ey
=0

S

0 S

PE
2

i

LA
R

RN TN
w4 BBOREN
SN N IIIRRIOLK
IPavatAvavAT v

varad
il

e
S

YaVii)
K
)

RAKA AR RIGIKR

&
i

AVLYAY

ndrical wavemaker — simulation N°2-4.

flows: moving boundaries and wave-structure interactions

va
AR,

TAVar %A
RS
\ZAVAYAY.Y)

N

XK
e
NAVVANO

>
25
RS
KD

AvA
A
DA

)
B

[

RIS
K DAR SRR IR AAARK]

PR

Y
AR

Vs

XK

18/34

Sacha Cardonna



Waves interacting with floating structures in shallow-water regimes
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Waves interacting with floating structures in shallow-water regimes — Physical setting and constraints 19/34

3D setting: cylinder structure

» Fluid domain bounded below by a flat bottom and above by a free surface
z = C(wa t)v

» A rigid, stationnary (for the sake of simplicity), partially immersed floating
structure interacts with the surrounding flow,

» Vertical variations are averaged, leading to shallow-water type models.
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3D setting: infinite pontoon structure

H? (:1:) 8Qfs— ans+

» The interior region is an infinite strip Qs = (—[,1) x R, while the exterior
domain consists of two half-planes Q= = {(z,y) | £z > I}.

» This configuration provides an excellent benchmark, since several
quantities can be derived analytically, making it valuable for validation.
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2D horizontal setting

20 30 0

2o 30 20 0 0 10

Figure: Computational meshes for a cylinder object (left) and a pontoon-like object (right).

For the latter numerical resolution, we work in a 2D horizontal setting, where
the domain is decomposed into three parts:

> g (“solid region™): hor. projection of the wet part under the object,

> O (“fluid region™): hor. projection of the free surface in contact with air,

» 0 interface separating them, with unit normal n pointing toward €.
Notation: we will denote with a superscript o (resp. ') the restriction of a
quantity to € (resp. Q).
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Waves interacting with floating structures in shallow-water regimes — Governing equations for water waves 22/34

Baseline model for water waves

An alternative form of NSW equations

0t + V- (HW) =0
duf + Vi (g¢f + 3ul?) = —%ngf

> F Q% (0,7) 3 (z,t) = (f(x,t) elevation w.r.t. rest state
> ul Q% (0,T) 3 (z,t) — ul(z, ) horizontal velocity
> H - Qx(0,T) > (x,t) — Hi(x,t) :== Hy + (! (z, 1) water height
> p' Q2 x(0,7) > (x,t) = p'(x, ) pressure
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Baseline model for water waves

An alternative form of NSW equations

0t + V- (HW) =0
duf + Vi (g¢f + 3ul?) = —’%ngf

> F Q% (0,7) 3 (z,t) = (f(x,t) elevation w.r.t. rest state
> ul Q% (0,T) 3 (z,t) — ul(z, ) horizontal velocity
> H - Qx(0,T) > (x,t) — Hi(x,t) :== Hy + (! (z, 1) water height
> p' Q2 x(0,7) > (x,t) = p'(x, ) pressure

A This alternative form (¢!, u') is used to derive the model used later
< Numerically we use the previous system with variables (1, ¢%) instead.
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Baseline model for water waves

An alternative form of NSW equations

|

Ot + V- (Hu) =0
druf + Vi (g¢ + $luf[?) = —1V,p

> Q% (0,7) 3 (z,t) = (f(z, ) elevation w.r.t. rest state
> ul Q% (0,T) 3 (z,t) — ul(z, ) horizontal velocity
> H - Qx(0,T) > (x,t) — Hi(x,t) :== Hy + (! (z, 1) water height
> pf Q% (0,7) > (z,t) = pl(x, t) pressure

A This alternative form (¢!, u') is used to derive the model used later
< Numerically we use the previous system with variables (1, ¢%) instead.

What about the topography source term?

Q For simplicity, we neglect topography as it does not modify the coupling
structure nor the transmission conditions, since this source term is purely geo-
metric — can be reintroduced later in the numerical experiments!
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Constraints induced by the floating object
Exterior region ¢ (free surface)

» Surface is in contact with air,
» Pressure prescr.. p = Datm;,

» The NSW momentum equation
has no source term:

du’ + Vy (g¢ + 3|u')?) = 0.

Q
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Constraints induced by the floating object

Exterior region ¢ (free surface) Interior region s (under the object)

» Surface is in contact with air, » Free surface is blocked by the
object (underwater part of the
structure),

» Elevation is prescribed: ¢ = (%,

» Pressure prescr.: p = Patm,

» The NSW momentum equation

has no source term:
» Leads to an “incompressible”

oul + V, (ng + %|Uf|2) =0. constraint: Vg - (H%u®) = 0.

Q
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Constraints induced by the floating object

Exterior region ¢ (free surface) Interior region s (under the object)

» Surface is in contact with air, > Free surface is blocked by the
object (underwater part of the
structure),

» Elevation is prescribed: ¢ = (%,

» Pressure prescr.: p = Patm,

» The NSW momentum equation

has no source term:
» Leads to an “incompressible”

O’ + Vo (g¢" + 5lu'?) = 0. constraint: V - (H*u*) = 0.

Coupling at the interface 9

» Mass conservation (normal flux continuity): Hfu! - n = Hu® - n,

» Bernouilli pressure transmission (energy consistency): IIf = II®,
where I = pg( + 3plul® and II° = p* — pagm + pg¢ + 3p|ul?,

» Velocity compatibility (no artificial vortex): uf-n* = u®-n*.

@%mﬁl{\[{: IMAG High-order numerical methods for shallow-water flows: moving boundaries and wave-structure interactions Sacha Cardonna



Waves interacting with floating structures in shallow-water regimes — Coupling with a floating object

Summary: a coupled “partly constrained” SW system

» Exterior region Q) (free surface):

24/34

T+ V- (H'u') =0

1
dul + Vv, (ng + 2|uf|2) =0

Qf
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Summary: a coupled “partly constrained” SW system

» Exterior region Q) (free surface):

24/34

T+ V- (H'u') =0 Q¢

1
(‘3tuf + Vw (g(f + 2|Uf|2) =0

» Interior region ()5 (under the object):

Ve - (Hu®) =0
QU + U’ - Vyu® 4 gV (™ = p ' V,p®
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Summary: a coupled “partly constrained” SW system

» Exterior region Q) (free surface):
T+ V- (H'u') =0

1
(‘3tuf + Vw (g(f + 2|Uf|2) =0

» Interior region ()5 (under the object):

Ve - (Hu®) =0
QU + U’ - Vyu® 4 gV (™ = p ' V,p®

» Interface Q) (coupling conditions):
Hiv! n=Hu-n
ot =118

ufont —u oot

24/34

Qf

ans
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Irrotational initial data: a key simplification

Propagation of irrotationality

If Vi uf(-,0) = 0in Q¢ and V- u(-,0) = 0 in €, it stays true for all t > 0
< Physically the flow remains smooth, without rotation or vortex generation.
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Irrotational initial data: a key simplification

Propagation of irrotationality

If V- uf(-,0) = 0in Qf and V- u(-,0) = 0 in €, it stays true for all t > 0
< Physically the flow remains smooth, without rotation or vortex generation.

Consequence: the interior becomes elliptic

» Because the flow remains irrotational, the interior velocity can be written
as a gradient field i.e. there exists a potential ¢° such that

u® = Vgo® in Q.
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Irrotational initial data: a key simplification

Propagation of irrotationality

If V- uf(-,0) = 0in Qf and V- u(-,0) = 0 in €, it stays true for all t > 0
< Physically the flow remains smooth, without rotation or vortex generation.

Consequence: the interior becomes elliptic

» Because the flow remains irrotational, the interior velocity can be written
as a gradient field i.e. there exists a potential ¢° such that

u® = Vgo® in Q.

» Under the object, the free surface is fixed, hence the water depth is
constant in time: 9,H® = 9;(Hp + ¢%) = 0.
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Irrotational initial data: a key simplification

Propagation of irrotationality

If V- uf(-,0) = 0in Qf and V- u(-,0) = 0 in €, it stays true for all t > 0
< Physically the flow remains smooth, without rotation or vortex generation.

Consequence: the interior becomes elliptic

» Because the flow remains irrotational, the interior velocity can be written
as a gradient field i.e. there exists a potential ¢° such that

u® = Vgo® in Q.

» Under the object, the free surface is fixed, hence the water depth is
constant in time: 9,H® = 9;(Hp + ¢%) = 0.

» Combining irrotationality with the incompressibility constraint
Ve + (H%u®) = 0 leads to an elliptic problem for the potential:

Vo - (H*V¢%) =0 in Q
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From the interior constraint to a mixed formulation

What happens under the object

> To solve V- (H5Vz¢°) = 0 in §, we prescribe the trace of the potential
on the interface,

@° =1° on 0.
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From the interior constraint to a mixed formulation

What happens under the object

> To solve V- (H5Vz¢°) = 0 in §, we prescribe the trace of the potential
on the interface,

@° =1° on 0.

» The trace ¢®° is not arbitrary: it evolves in time according to an ODE
obtained from the Bernoulli relation on the interface i.e.

1
o) = —g( — §|u|2 on 0Q.
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From the interior constraint to a mixed formulation

What happens under the object

> To solve V- (H5Vz¢°) = 0 in §, we prescribe the trace of the potential
on the interface,

¢° =1° on 0.

» The trace ¢®° is not arbitrary: it evolves in time according to an ODE
obtained from the Bernoulli relation on the interface i.e.

. 1
opp® = —g( — §|u|2 on 0.

How the interior talks to the exterior

We define the following Dirichlet-to-Neumann (DtN) operator:

| Ay® = H'Vz¢" n on 00

maps the potential ¢/° (Dirichlet data) to the normal flux (Neumann data)
— Quantifies how the interior motion exchanges water with the exterior flow
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Digression: the infinite pontoon case

Infinite pontoon and generalized DtN operator

We prescribe the traces of the interior potential, i.e. ¢* = ¥4 on O+ =
{(£l,y) | y € R} and for ©* = (1)_, 1)) define

AP = (A9 A9),  Ast® = 2H(0:6") s

A_p® Apdp®
D S >

Qf— Qs Qf+

(/. (i

ans_ ans+
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()

Digression: the infinite pontoon case

Infinite pontoon and generalized DtN operator

We prescribe the traces of the interior potential, i.e. ¢* = ¥4 on O+ =
{(£l,y) | y € R} and for ©* = (1)_, 1)) define

Ay = (Ao, App®),  App® = £H(0,0°)|pmsi-

Why this configuration matters?

Because the DtN operator can then be written explicitly as:
A9 (y) = H*§ " (€ coth(21) D-(€)) () — H* T~ sy 9+ (6) ) (v),
A () = —H* 5 oy 9-()) () + H 5 (£ coth(218) $4() ) (w)-

where 11 = §(¢1) denotes the Fourier transform with respect to the trans-
verse variable y.

— No elliptic solver is needed inside the structure, which makes an ideal bench-
mark to validate the coupling strategy independently of the interior solver!
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Equivalent mixed formulation (irrotational case)

» Exterior region () (free surface):

¢+ V- (H'') =0, Qs

1
(9tuf + Vw (g(f + 2|uf|2> =0
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Equivalent mixed formulation (irrotational case)

» Exterior region () (free surface):

¢+ V- (H'') =0, Qs

1
(9tuf + Vw (g(f + 2|uf|2> =0

» Interior region ()5 (under the object):

Ve - (HVz6%) =0 in O
¢° =1 on 9
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Equivalent mixed formulation (irrotational case)

» Exterior region () (free surface):

28/34

¢+ V- (H'') =0,

1
(9tuf + Vw (g(f + 2|uf|2> =0

» Interior region ()5 (under the object):

Ve - (HVz6%) =0 in O
¢° =1 on 9

» Interface Q) (boundary coupling):

n- (Hu)
Opp®

AY®
—g¢ — |ul?

ans
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Equivalent mixed formulation (irrotational case)

» Exterior region () (free surface):

28/34

¢+ V- (H'') =0,

1
(9tuf + Vw (g(f + 2|uf|2> =0

» Interior region ()5 (under the object):

Ve - (HVz6%) =0 in O
¢° =1 on 9

» Interface Q) (boundary coupling):

n- (Hu)
Opp®

AY®
—g¢ — |ul?

ans

» Initial conditions: (¢f,u’);,— = (¢™, u™) in O and Vo = Ui on 0.
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Waves interacting with floating structures in shallow-water regimes — Numerical scheme 29/34

Numerical challenges and solutions

What makes wave—structure simulations difficult?

We have to deal at the same time with hyperbolic NSW in €, elliptic PDE
to compute DtN operator on 9)¢ and ODE systems

— We need to design a high-order robust scheme for this strongly coupled
system, which is pretty challenging!
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Numerical challenges and solutions

What makes wave—structure simulations difficult?

We have to deal at the same time with hyperbolic NSW in €, elliptic PDE
to compute DtN operator on 99, and ODE systems

— We need to design a high-order robust scheme for this strongly coupled
system, which is pretty challenging!

Hyperbolic solver

We use the subcell monolithic DG/FV scheme previously developped.
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Numerical challenges and solutions

What makes wave—structure simulations difficult?

We have to deal at the same time with hyperbolic NSW in €, elliptic PDE
to compute DtN operator on 99, and ODE systems

— We need to design a high-order robust scheme for this strongly coupled
system, which is pretty challenging!

Hyperbolic solver

We use the subcell monolithic DG/FV scheme previously developped.

Elliptic method

We rely on a Hybrid High-Order scheme for the DtN operator on 0
— hybrid polynomial representation and static condensation.
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Numerical challenges and solutions

What makes wave—structure simulations difficult?

We have to deal at the same time with hyperbolic NSW in €, elliptic PDE
to compute DtN operator on 99, and ODE systems

— We need to design a high-order robust scheme for this strongly coupled
system, which is pretty challenging!

Hyperbolic solver

We use the subcell monolithic DG/FV scheme previously developped.

Elliptic method

We rely on a Hybrid High-Order scheme for the DtN operator on 0
— hybrid polynomial representation and static condensation.

Time-integration scheme

We integrate the coupled system in time using SSP Runge-Kutta method
— seen as convex combination of forward Euler steps.
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A new wave—structure interaction numerical coupling

1. The following ODE is solved reading the values of elevation ¢ and velocity
u at the interface

1
Op)® = —g¢ — §|u|2 on 0 SSP-RK scheme O
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A new wave—structure interaction numerical coupling

1. The following ODE is solved reading the values of elevation ¢ and velocity
u at the interface

1
Op)® = —g¢ — §|u|2 on 0 SSP-RK scheme O
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A new wave—structure interaction numerical coupling

1. The following ODE is solved reading the values of elevation ¢ and velocity
u at the interface

1
Op)® = —g¢ — §|u|2 on 0 SSP-RK scheme O

2. The trace v® is used as a Dirichlet boundary condition to solve the interior
elliptic problem

V(z: ° Hbv;c S) = 0 i QS;
( ¢ ) n HHO scheme O
6" = ¢ on O
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A new wave—structure interaction numerical coupling

1. The following ODE is solved reading the values of elevation ¢ and velocity
u at the interface

1
Op)® = —g¢ — §|u|2 on 0 SSP-RK scheme O

2. The trace v® is used as a Dirichlet boundary condition to solve the interior
elliptic problem

V(z: ° Hbv;c S) = 0 i QS;
( ¢ ) n HHO scheme @
6" = ¢ on O
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A new wave—structure interaction numerical coupling

1. The following ODE is solved reading the values of elevation ¢ and velocity
u at the interface

1
Op)® = —g¢ — §|u|2 on 0 SSP-RK scheme O

2. The trace v® is used as a Dirichlet boundary condition to solve the interior
elliptic problem

V(z: ° Hbv;c S) = 0 i QS;
( ¢ ) n HHO scheme @
6" = ¢ on O

3. The normal flux at the interface is computed from the Dirichlet-Neumann
operator Ay® := H®V,¢* - n and used as a boundary condition for the
exterior hyperbolic problem in Q:

9i¢" + V- (H'u') =0,
£ PR SRS Monolithic scheme O
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A new wave—structure interaction numerical coupling

1. The following ODE is solved reading the values of elevation ¢ and velocity
u at the interface

1
Op)® = —g¢ — §|u|2 on 0 SSP-RK scheme O

2. The trace v® is used as a Dirichlet boundary condition to solve the interior
elliptic problem

V(z: ° Hbv;c S) = 0 i QS;
( ¢ ) n HHO scheme @
6" = ¢ on O

3. The normal flux at the interface is computed from the Dirichlet-Neumann
operator Ay® := H®V,¢* - n and used as a boundary condition for the
exterior hyperbolic problem in Q:

9i¢" + V- (H'u') =0,
£ PR SRS Monolithic scheme 43::2’
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A collection of models and simulations

Model N°1 (current) — Fully-2D fixed pontoon & cylinder

In the model displayed here, the object does not move vertically /horizontally
— see simulations N°5,6.
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A collection of models and simulations

Model N°1 (current) — Fully-2D fixed pontoon & cylinder

In the model displayed here, the object does not move vertically /horizontally
— see simulations N°5,6.

Model N°2 — Pseudo-1D heaving pontoon

The elliptic problem is formulated in terms of Bernoulli pressure, while the
object heaves according to Newton’s second law.
— see simulations N°7-8.
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A collection of models and simulations

Model N°1 (current) — Fully-2D fixed pontoon & cylinder

In the model displayed here, the object does not move vertically /horizontally
— see simulations N°5,6.

Model N°2 — Pseudo-1D heaving pontoon

The elliptic problem is formulated in terms of Bernoulli pressure, while the
object heaves according to Newton’s second law.
— see simulations N°7-8.

Model N°3 — Fully-2D heaving cylinder New!

Also in terms of Bernoulli pressure and Newton’s second law, using a
Helmotz-Hodge decomposition — see simulation N°9.
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A collection of models and simulations

Model N°1 (current) — Fully-2D fixed pontoon & cylinder

In the model displayed here, the object does not move vertically/horizontally
— see simulations N°5,6.

Model N°2 — Pseudo-1D heaving pontoon

The elliptic problem is formulated in terms of Bernoulli pressure, while the
object heaves according to Newton’s second law.
— see simulations N°7-8.

Model N°3 — Fully-2D heaving cylinder New!

Also in terms of Bernoulli pressure and Newton’s second law, using a
Helmotz-Hodge decomposition — see simulation N°9.

Model N°4 — Pseudo-1D heaving—surging—pitching pontoon Newest!

Also in terms of Bernoulli pressure and Newton’s second law, using an
integral 3 x 3 added mass—inertia system coupled with ALE moving meshes
for K > 1 floating objects in order to simulate WEC farms.

— see simulations N°10-12.
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Simulation of a WEC farm with K = 5 floating objects

» Domain: Q =[—24,184] x [-20,20] Degree: k=5 Mesh: n, = 594
» Goal: assessing the combined DG/FV-ALE-HHO heaving—surging—pitching
formulation on K > 1 floating objects

z
1 2 3 4 5
A — — — — —
- - - ) - /
> T
104 26 64 26 64 26 64 26 64 26 104
20
10
0
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—20 L - -
0 25 50 Ke] 100 125 150 175

Figure: Schematic side view (top) and computational meshes (bottom) — simulation N°12.
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Conclusion and perspectives 33/34

Ongoing work and next steps

Work extending the thesis

» Studying the conservation properties of the ALE scheme,

» Analytical expression for the DtN operator in the cylinder case,

» Validating our coupled methods against experimental data,

» Studying the conversion of wave-induced motion into usable energy.
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Ongoing work and next steps

Work extending the thesis

» Studying the conservation properties of the ALE scheme,

» Analytical expression for the DtN operator in the cylinder case,
» Validating our coupled methods against experimental data,
» Studying the conversion of wave-induced motion into usable energy.

Journal articles related to the thesis

B S.C., A. Haidar, F. Marche & F. Vilar, Local subcell monolithic DG/FV
methods for nonlinear SW models with source terms. |JNMF, 2025.

B S.C., F. Marche & F. Vilar, A high-order robust subcell monolithic DG/FV
formulation for NSW equations on unstructured grids. JCP (rev.), 2026.

B S.C., F. Marche & F. Vilar, High-order well-balanced ALE numerical
method for hyperbolic systems with source terms. In preparation.
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Ongoing work and next steps

Work extending the thesis

» Studying the conservation properties of the ALE scheme,

» Analytical expression for the DtN operator in the cylinder case,
» Validating our coupled methods against experimental data,
» Studying the conversion of wave-induced motion into usable energy.

Journal articles related to the thesis

B S.C., A. Haidar, F. Marche & F. Vilar, Local subcell monolithic DG/FV
methods for nonlinear SW models with source terms. |JNMF, 2025.

B S.C., F. Marche & F. Vilar, A high-order robust subcell monolithic DG/FV
formulation for NSW equations on unstructured grids. JCP (rev.), 2026.
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Postdoc at University of Waterloo, Canada, with D. Del Rey Fernéndez
on semigroup theory for PDEs and DDR methods
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Complements — Notations and shallow-water variables 34/34

>
T

Figure: Shallow-water variables: rest depth Hy, free surface elevation 7, elevation relative to rest depth (,
and total water depth H.
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Complements — Discontinuous Galerkin as a subcell FV scheme

DG formulation through residuals

DG formulation

We

d c
Z = | Yy d:c—/ F(vy,) - Vatp, dz +/ F*-nyp ds =
m=1 We 1¢)

34/34

(S P*(we)

By d

We

Residual DG formulation

> (Ve)m = vp(t)

> Me)mp = [ () ¥p(2) de

We

> (Ee)m = /8 F* -nyp ds —/ F(vy,) - Vet dz

» (Sc)m = B(vy,) ¢, dz

We

solution moments

local mass matrix

DG residuals

source term

UNIVERSITE s
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Complements — Discontinuous Galerkin as a subcell FV scheme 34/34

Mesh subdivision

c
S

Jc

M1

S S5

Cell w. subdivided into N5 > Ny, subcells for P! (left), P? (center) and P? (right) cases
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Complements — Discontinuous Galerkin as a subcell FV scheme 34/34

Subneighbors

S

We / /

Figure: Two cases: subneighbor S}, inside cell w. (left), and subneighbor S,, inside neighbor cell w,, (right).
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Complements — Discontinuous Galerkin as a subcell FV scheme 34/34

Submean values and polynomial moments (1)

Mean value of a function over a subcell S¢, C w.

1

For any f € L%(w,), its submean value is f,, := —— f(z) dz
1S5l Jse,
> (Vo) =05,(1) submean values
> (Po)mp = ! wc( ) de projection matrix

1S5,
1N’“

0~ 050 [ viteran — [Fomrd]

A ]PIIPC has to be non-singular, so we use the least-square procedure:

V.= (p]E.) B[V,

If Ng= Ni, then V. =PV, & V. =P, 'V,.
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Complements — Discontinuous Galerkin as a subcell FV scheme

Reconstructed DG fluxes (1)

()

Submean values vector derivative

Since M

34/34

o
‘ o
=
1]
o
N
|
o
o
|
|
—
1
S

=E.+Scand V. =PV, = =P.M_ (E.+ S.)

dt dt

dwe,
dt

Let us consider the DG reconstructed flux ]?‘n such that

Flux reconstruction to get a FV-like scheme

1

F,(z) dz + (P.M,'S.),
185 Jase,

/ B (2) dz + (P.M:1S,)m
™1 §veNeigh(Sg,) ¥ Ve

- SV/C

@
m

under the hypothesis that ﬁn\aw =T for all w € },.

(FV-like scheme)

z) de + / F* da | + (P.M1S,)m
Ow.NASE
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wonrelen  MAG
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Complements — Discontinuous Galerkin as a subcell FV scheme

()

Reconstructed DG fluxes (2)

Interface reconstructed flux

We define ﬁ‘mp at interface I';,  as: /

mp
where subface orientation is carried through &¢

~

Fp(x) de =€},

mp’'

34/34

Frap,

C — C
such that e, = —e7,..

Reconstructed flux system

:]DC

dv.

dt

+ OF,

_Ac]/E\\c
> (Fe)mp = [T5p Frmp
> (Ad)mp = Efn;n
» (D) = |55
> (OF.)m :/ F* dx
Ow.NOS

A Since ker A, # {0}, we use a Graph Laplacian technique

interior subfaces fluxes
adjacency matrix

subvolume matrix

cell boundary contribution

UNIVERSITE
wonrelen  MAG
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Complements — Discontinuous Galerkin as a subcell FV scheme 34/34

Reconstructed DG fluxes (3)

Residual definition of reconstructed fluxes

F.=-A]2 ! (DP.M;'E, + OF,)

where 21 is the gen. inverse of I, := A.A_ on the orthogonal of its kernel:

_ 1 1
gglz(mc+AH) 1_XH3 H:F(l(g)l)e'/ﬂl\fm VA#O

B R Abgrall, Some Remarks about Conservation for Residual Distribution
Schemes. Methods Appl. Math., 18:327-351, 2018.

Few remarks

» Source term is excluded in the definition since only flux-dependent
integrals are considered in reconstruction,

» Implementation: only Z. and boundary terms JIF. depend on time, but
all the other terms are precomputable,

» Alternative expression: using spanning set of subresolution functions
¢S, = pk_(15,), where p¥ _is the L2-projector on cell w,.
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Complements — Specificities for nonlinear shallow-water equations 34/34

Remark about initialization strategy

Initialization strategy

Initialization is performed via subcell averages followed by projection using
P.., instead of L? projection or interpolation as usually done in DG schemes

— this guarantees v, € %lf at ¢ = 0, and enforces 7, = by, in dry zones

A Since by, is discontinuous across cells, hydrostatic reconstruction is applied
to both DG and subcell FV fluxes.

10.00

9.25

7.75

7.00

500 750
Figure: P? dam-break problem initialization.
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Compl — Specificities for nonlinear shallow-water equations e

Two-scale hydrostatic reconstruction

Assuring both WB and positivity in numerical fluxes

© Hydrostatic reconstruction framework used on both DG and subcell FV fluxes
< ensures positivity of the water height, even for discontinuous topography

At each interface T, (1) (resp. subinterface Ty, (k). reconstructed values are
defined:

» Topography rec.: by, = max(b,, b)), by, = by, — max(0, by, — M )
» Water height/elevation rec.: ﬁ,;t = max(0, nf — by, e = Izl,;t + by,

S T

> Modified states: 17,? = ﬁki,H—’ftq,f
k

These are then used in a Lax-Friedrichs-type flux IF*, completed by a correction
term I, 1) to ensure well-balancing:

F:v(k) =" (i}/;a {}Ija Ekv Bkv ncv(k)) + Ichv(k)
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Compl — Specificities for nonlinear shallow-water equations e

Source term treatment (1)

Flowchart of the discretization

@ Dealing with both polynomial DOFs and subcell-averaged values
1. Subcell averages: compute the submean values of the quantities involved
on each subcell, then reconstruct polynomials via projection matrix P,

2. Projection: evaluate B(vy,) at quadrature nodes, then apply an L2
projection onto P¥,

3. Integration: compute the mean value of the projected source over each
subcell: .
¢
= By, dx
S5l Use,

Implementation remark

Formally corresponds to multiplying the DG source integral by ]PCIMC_1:

B, =P ! ( Bron dw)

We

@%mﬂsﬁ‘[‘: IMAG High-order numerical methods for shallow-water flows: moving boundaries and wave-structure interactions Sacha Cardonna



C — Specificities for nonli hall

ter equations 34/34

Source term treatment (2)

Alternative discretization of the source term

m

B BcFv+@c ( CDG_BCFV)

1
> O = W Z © vz subcell global blending
& Sp €Neigh(Sg,)
— 1
> Bf,’LDG | o B, dx DG source term
S(‘
» B = SC|/ B(v;,, Vb)) dx FV source term
m Se,

® No significant difference in results — we keep B, = B,
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Complements — Specificities for nonlinear shallow-water equations 34/34

Reformulation as a Godunov-like scheme

Solution at t"*! as a convex combination of quantities defined at ¢"

»oentl _ =cmn = TG
U, =y — | c | § : |FmP|]Fm;D + At Bm
M’ SueNeigh(Sg,)
A" \ (25CM E \ o At" E 1 2=C,1
TH (’l)m ) . “ m/)‘nm/) =+ ge “ /7717‘1]:)7
* m‘ P . [ Qc . m‘ Yo ¢ : e
Sp €Neigh(S5,) ﬁ/‘cngh[,\ )

m/

_ aAt" —c,n aAt" ~k,— np&"
=(1-98F Y ITwel |7t +587 D [Tupl@iy +ACB,
SyeNeigh(Sg,) Sy eNeigh(Sg,)

» v, are the blended Riemann intermediate states

Frp —F (0,") - Dmp

g g

> vy, are the 15t-order FV Riemann intermediate states.
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— Specificities for li hall, ter equations 34/34

Analytical formula to ensure water height positivity

Relying on 1%%-order FV Riemann intermediate states

Proof of the natural preservation of water-height positivity for 15¢-order el-
evation Riemann FV states 77;1’;5

— allows us to rely on the robustness of FV framework to ensure the prop-
erties we want

Physical admissibility detector

H . o, — I+
Omp = mln( NN )~

* Z_)C
w— O \Ulmp = Om) %~
> Ot = ——— L if AF,,;, > 0, o =1 else
AF,,,
—v
olb, —n
7+ ( p mp . +
> Gm?l” = if A]Fpm < 0, @ b =1 else.
AF,,,
I MAG High-order numerical methods for shallow-water flows: moving boundaries and wave-structure interactions Sacha Cardonna



34/34

li hall ter equations

— Specificities for

Analytical formula to prevent spurious oscillations

Mimicking a local maximum principle

c . —v,n —c,n+1 —v,n c
a,, = min 7" <9y < max 7" =0
SveN(sg) ¥ m SveN(sg) ¥ m

where &¢ is the set of vertices @, of subcell S, and

N(Sm) = U {Sq | @p € S}

x, €PE,

Subcell numerical admissibility detector

) ifA]Fmp>O>

i + =
©suweNAD . o (1 | min (By — nit, mhp — o,
e "1 AFmp | | min (B, — niap, M — o) if AFp, <0

A For NSW, no local maximum principle for the conserved variable!
< needs to be relaxed in the presence of smooth extremas

High-order numerical methods for shallow-water flows: moving boundaries and wave-structure interactions Sacha Cardonna
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Compl — Specificities for nonlinear shallow-water equations e

Blending relaxation

Smoothness detector on subcells

A Must ensure to relax correction close to smooth extremas!
1. Linearized reconstructions of 9,7y, and 9yny, are built inside subcell, i.e.

)" (- L),

’ (CB - ilifn),

m
E(x) == 05 + Va (015
m
e;n(w) = 0ynyn + Vm(ayn}cL
2. Checking these indicators values at vertices: if their values remain
within the local extrema over a stencil, the solution is considered smooth

over subcell Sy,
3. If two neighbors S¢ and S;’ are considered smooth, the blending

m

coefficient on I'y,,, is relaxed to ©,,, =1 — full DG accuracy

When to use the smooth extrema detector?

» Order < 2: No detector needed.
» Order = 3: Detector required at the cell level.
» Order > 4: Detector required at the subcell level.

>m
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Complements — Specificities for nonlinear shallow-water equations

()

Remark about blending smoothening

Why smoothening blending coefficient?

A sharp switch between low and high-order fluxes may cause local oscillations

— blending smoothers designed to mitigate abrupt transitions
» Mean-value smoother (default in experiments):

_ 1
m — #Neigh(S¢,) ZS;ENeigh(an) ®mp7

— =8 1 v
@mp = min (@mpa #Trnp ngec]/mp Gq)

< Less diffusive, smoother transitions
» Minimum-value smoother:

@
(e}
Il

min © zrm5
SpEeNeigh(Ss,)

Omp = min <@mpa minS;’eNeigh(sgﬁuS;) 92)

< Stronger damping near discontinuities

34/34
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C 1. —» Specificities for i hall ter equations 3

Preservation of steady-states (1)

Why does it matter ?

» Preserves lake at rest steady states exactly, avoiding spurious
motions;

» Reduces numerical errors near equilibrium, especially when small
perturbations are present;

> Essential for wet/dry interfaces, where small oscillations can destabilize
the scheme.

Well-balancing (WB) property

Providing that the integrals of discrete formulation are exactly computed, we
have the following result:

VneN, Vn®>0, (np=n°andq) =0)= (n/' =7°and q "' =0)
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C — Specificities for nonli hall ter equations 34/34

Preservation of steady-states (2)

Sketch of proof

Objective: showing that numerical fluxes are cancelling the source term i.e.

1 =~ —Cc,n
el 2 ImplFmp =B st mr=wn
™' SveNeigh(Sg,)

» Exact integration required — natural with high-order quadrature;
» Under well-balanced assumptions:

Vi  F(ve,be) = Blbe](ve), Vwe C Qf,

» Fluxes F,,, and IF},,) match the continuous flux I}, - n,,, under
equilibrium;

» I, is built as a convex combination of these well-balanced fluxes
— preserves equilibrium as well !
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Complements — Validation tests for the hyperbolic solver 34/34

Order of accuracy assessment

Steady vortex with 6> topography

» Domain: Q= [-5,5]> Degree: k =1,2,3 Mesh: ng = 200 — 12800

» Goal: convergence of the scheme on a smooth solution with a consistent
discretization of the topography source term

k 1 2 3

il El | ) El. | df- El: | qfe
1 || 9.445E-2 | 2.35 || 1.529E-2 | 2.91 || 4.580E-3 | 4.19
1 || 1.854E-2 | 2.16 || 2.039E-3 | 3.03 || 2.505E-4 | 4.10
1 || 4.158E-3 | 2.07 || 2.491E-4 | 2.97 || 1.465E-5 | 4.00
11/ 992364 | — || 3.187E-5 | — || 9.165E-7 | —

Figure: L>-errors between numerical and analytical solutions and convergence rates for 7 at time ¢t = 0.1
sec.
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Complements — Validation tests for the hyperbolic solver 34/34

Riemann problem (dam-break on a wet bed)

T
Ay %,, 73
N A
E 5 S

g '#X%X#" R KXX
éf‘gxexe Q\ f = "" xﬁiff" exexe.

o ‘e‘i},a%:mxv:ﬁ.“

3 'f‘fzf;:“} ¥ ’t"lilt::,“ew.w"lié&?'?
A ayE
gEE mm.....;gg Kl

""“f‘ R

L\
Las/ 3

R
‘&‘A vmuvmv.'s, R

7.00

'\:w
.g SN ’“ “
'*5 h S -emmwe;‘
N NN

> LNIKEN

1000

0 250 75
Figure: At t = 18 sec, P* unlimited DG elevation (top), map of blending coefficient means per subcell

(center) and monolithic DG/FV subcells elevation (bottom).
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Complements — On the numerical approach for the DtN operator

()

Hybrid High-Order (HHO) scheme for the elliptic problems

Elliptic solver for the Dirichlet—Neumann operator

In the general geometry, the Dirichlet-Neumann operator is not explicit; we
therefore compute it by solving the interior problem

Ve - (HVz¢®) =0 in O, ¢° =1° on 0.
— Hybrid High-Order (HHO) method is used to solve this elliptic equation.

Discrete HHO unknowns

Cell and face unknowns (polynomials of degree k):

¢t ePr(w.),  ¢h ePRT),  wicCQ, I Cauwg

» Hybrid viewpoint: cell unknowns represent the interior behaviour, while
face unknowns control how neighbouring cells communicate,

» Local reconstruction: a high-order approximation of the gradient is built
inside each cell, reproducing the continuous integration-by-parts structure,

» Geometric flexibility: naturally supports arbitrary polyhedral meshes and
non-matching interfaces, simplifying mesh generation.

UNIVERSITE
wonrelen  MAG
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Complements — On the numerical approach for the DtN operator

()

Structure of the discrete HHO problem

Global formulation

We introduce the global HHO space of degree k:
Uk = {8} = (2o (80)r) | 6 € P(w2), o7 € PHID) .

The discrete interior problem reads: find ¢ € Uh Dir such that

dZ(?hvwh) = ngCQS c(?cvﬂc) =0, vﬂh € UZ,]E)

Algebraic formulation

The bilinear form ¢ translates into stiffness blocks K, 3 (gradient reconstruc-
tions + stabilization), while ¥* contains the Dirichlet boundary data v*°:

K. [ 0
Kr. ]KI‘F ¢>F e

— Static condensation: since IK.. is block-diagonal (cells only interact via
faces), cell unknowns qSi are locally eliminated to solve a global system on faces

only:

(Krr — KreK ' Ker) 67 = ¥°

UNVERSITEx | MAG
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Complements — On the numerical approach for the DtN operator 34/34

Discrete DtN operator for the pontoon case

Discrete Fourier transform for efficient evaluation

When the solution genuinely depends on vy, the explicit operator can be eval-
uated efficiently by Fast Fourier Transform (FFT), keeping the pontoon case
computationally inexpensive.

Transverse-invariant case: reduction to a 1D model

Assume that the solution does not depend on y, then the fully two-dimensional
pontoon model reduces to a classical one-dimensional wave—structure inter-
action system, where the interior motion is described by a single discharge

variable JiE
¢*(t) = 5 (Vs —9-),
which satisfies 4o s
q _ _
5 ® =% (@ —IL).

— The structure behaves symply as a dynamic transmission law between the
left and right waves!
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Complements — On the freely floating pontoon model 34/34

Heaving—surging—pitching pontoon model (1)

Y
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Complements — On the freely floating pontoon model 34/34

()

Heaving—surging—pitching pontoon model (2)

Rigid-body quantities

For a point of the wetted surface, rq := (r,,7.) | denotes its position relative
to the center of mass and T := (1., —ry, —3|rc|?) " the associated rigid-
body transport vector. The dry mass—inertia matrix is

My := dlag(”’o, Mo, lO)a

where m, and i, denote the mass and moment of inertia of the pontoon.

Hydrodynamic added mass and inertia

For any ¢ € L' (Qs(t); R?), we define (¢) -1 := ([, o 77 42) (o, Sz -1
and Tf := Tg — (Tg)g-1. The integral added mass—inertia matrix is then

& ®TE
M0)i=p [ TEZIC de
a() Qs(t) HW

Here, Q4(t) is the wetted interior domain, HY the water height below the
pontoon and p the fluid density.
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Complements — On the freely floating pontoon model 34/34

Coupled rigid-body dynamics

Three-degree-of-freedom Newton system

The three rigid-body accelerations are determined simultaneously through

oF Fiiya surge,
(MO + M, (t)) &= ?ﬁ’yd — Mog heave,
0 ‘/”Ey 4 pitch.

The terms J'hyd, 971?;;01 and ﬂfyd are the horizontal force, vertical force and

moment reconstructed from the interior HHO pressure and the lateral pressure
resultants.

Recovery of the Chapter 5 model

For 6% = 6 = 0, the vertical component reduces exactly to

Yy Yy _ 1 s 2 o—
TbU0y6 + 6 pglLy fﬂs II* dae Tbuoy T

mo
2pglLy

Thus, the heaving equation of Chapter 5 is recovered, with II° the interior
Bernoulli pressure, 2/ the pontoon width and L, its transverse extension.
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